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ABSTRACT

This article provides a detailed description of a fixed gain Attitude/Heading Reference
System (FGAHRS) using commercially available MEMS (micro-machined electro-mechanical
system) inertial sensors (gyros and accelerometers) mounted within a strapdown inertial
measurement unit (IMU). The FGAHRS is GPS velocity aided with reference heading provided
by a strapdown 3-axis magnetometer. Differential equations are derived for FGAHRS
computational operations with a corresponding error model for performance analysis and fixed
gain determination. Equivalent FGAHRS digital computational algorithms are presented for
implementation in the FGAHRS digital processor. Performance is extensively analyzed using a
unique surface motion (at sea or on land) trajectory generator providing FGAHRS IMU inertial
sensor inputs and a corresponding attitude/velocity/position time history. FGAHRS accuracy is
assessed using the simulated IMU sensor inputs modified to include specified sensor/system
errors. Simulation results are presented demonstrating 1 degree FGAHRS accuracy under
dynamic trajectory conditions using gyros and accelerometers with 1 deg/sec and 10 milli-g
accuracy.
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1. INTRODUCTION

With advancements in computer micro-processor technology (in speed and memory
capacity), the strapdown equivalent of the mechanical AHRS (Attitude Heading Reference
System) has come into being for compatibility with new strapdown (directly vehicle mounted)
inertial sensor technologies. For a conventional strapdown AHRS, attitude (the combined
equivalent of roll, pitch, and heading) are calculated in the AHRS computer using 3-axis inputs
from gyros contained within a strapdown IMU (Inertial Measurement Unit). A representative
conventional strapdown AHRS configuration is depicted in Fig. 1. Using Section 2 notation,
Section 3 analytically describes the Fig. 1 configuration.
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Fig. 1 — Representative Conventional Strapdown AHRS Configuration



To combat gyro bias induced roll/pitch error (horizontal attitude “tilt”), Fig. 1 applies
feedback designed to maintain roll/pitch referencing to an average vertical. The horizontal tilt
feedback signals are calculated using outputs from a strapdown accelerometer triad contained
within the AHRS IMU. The AHRS computed attitude is used to transform (rotate) the
accelerometer signals into north/east/down coordinates. The AHRS attitude tilt
measurement/control concept is that for error-free attitude data, the horizontal transformed
accelerations will, on the average, be zero. Thus, non-zero values measure attitude tilt for
feedback correction. Low gain feedback provides the averaging mechanism to attenuate short
duration horizontal acceleration deviations from the average zero. But the gains must also be
large enough to combat gyro bias induced attitude tilt buildup.

To combat gyro bias induced heading error, the Fig. 1 AHRS applies feedback designed to
maintain heading referencing to true north as measured with a strapdown magnetometer triad.
The heading error measurement concept is that a strapdown magnetometer will measure earth’s
magnetic field vector whose east component differs from true east by the magnetic variation
angle (“magvar” also known as magnetic declination). Thus, a mavar corrected east
magnetometer measurement should ideally be zero, and a non-zero value will measure AHRS
heading error for feedback correction. The east measurement is calculated using AHRS
computed attitude to transform the magnetometer outputs into north/east/down coordinates.
Note, however, that the transformation operation will not only generate a heading error
measurement, it will also induce a north attitude tilt into the heading error measurement by
projecting the vertical magnetic field component onto the east axis. The result couples attitude
tilt into the heading feedback control loops, translating maneuver induced tilt into heading error.
The heading error then couples back into the attitude tilt control loops. Thus, accurate tilt control
is not only important to maintain good roll/pitch accuracy, it is also required for accurate
strapdown magnetometer referenced heading error control.

The conventional strapdown AHRS Fig. 1 feedback concept relies on the average horizontal
acceleration being small during operation. This assumption becomes increasingly invalid under
sustained dynamic maneuvering. To eliminate maneuver induced errors, GPS velocity
compensation can be included within the AHRS feedback structure. This article describes a GPS
aided strapdown AHRS designed for operation in mobile surface vehicles (at sea or on land). As
with the conventional strapdown AHRS, the GPS aided AHRS described in this article also
incorporates strapdown magnetometer derived magnetic heading error measurements to combat
heading error drift. The concept is depicted in Fig. 2. Section 4 analytically describes the Fig. 2
configuration.

For the most part, GPS velocity aiding has been applied in the past to strapdown AHRSs
having reasonably accurate gyros/accelerometers (e.g., 10 deg/hr and 1 milli-g bias errors). The
IMU investigated in this article uses commercially available MEMS (micro-machined electro-
mechanical system) gyros/accelerometers having comparatively large errors (on the order of 10
deg/sec and 10 mill-g). Application of such a low accuracy IMU presents some interesting
design challenges.
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Fig. 2 — Representative GPS Aided Strapdown AHRS Configuration

The general feedback arrangement in past GPS aided strapdown AHRSs has been commonly
configured within a Kalman filter structure based on known statistical properties of
system/sensor error sources. Due to the uncertainty in statistical error models associated with
commercially available MEMS inertial components (from different evolving manufacturers
having different design configurations), it was believed that Kalman filter based AHRS feedback
introduced an unnecessary degree of risk (and complexity). Hence, the GPS aided AHRS
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investigated in this article uses constant (fixed) gain feedback - defined as an FGAHRS
(strapdown Fixed Gain AHRS) approach, the label used for the Section 4, Fig. 4 analytical flow
diagram.

As for the conventional AHRS in Section 3, the GPS aided FGAHRS configuration is
analytically described in Section 4 in the form of continuous integral equations. Section 5
defines an instantaneous FGAHRS coarse initialization process for the Section 4 integrators
using magnetometer, IMU gyro, and GPS velocity measurements. For software implementation
in the FGAHRS digital processor, Section 6 defines a digital incremental equivalent of the
Section 4 continuous form analytical integral equations. Error models for the Section 4
FGAHRS are described in Section 7 (and derived in Appendices A — C). Based on the Section 7
error models, Section 8 derives equations for calculating FGAHRS closed-loop gains for
specified closed-loop time response characteristics.

Even though GPS velocity feedback eliminates maneuver induced errors, FGAHRS system
errors can still impact attitude accuracy, particularly when using a low-cost commercially
available MEMS IMU. This is particularly true for gyro bias that can have significant day-to-
day variations and in-use performance trending (e.g., from temperature changes). The problem
is mitigated for the FGAHRS configuration addressed in this article, using an in-use automatic
gyro calibration process described in Section 9.

Large unstable MEMS accelerometer bias errors can also significantly impact FGAHRS
attitude accuracy, particularly under high/low latitudes where earth’s magnetic field vector has a
large vertical component. Then attitude tilt generated from accelerometer bias will couple into
magnetometer measured heading control loop feedback, producing heading error that, under
horizontal accelerations, couples back into the attitude tilt control loops. Section 10 discusses
the problem in more detail, leading to an in-use automatic accelerometer bias compensation
technique for solution (for implementation within FGAHRS software). The compensation
approach is based on horizontal feedback least squares error averaging over selected time
intervals as will be described in a subsequent article. That article will also show how least
squares averaging can be applied during FGAHRS-vehicle-installation to automatically calibrate
magnetometer detected stray magnetic field bias (plus the equivalent magnetometer-to-IMU
heading misalignment). For GPS antennas mounted remotely from the IMU, the future article
will also show how least squares averaging can be used to measure/calibrate the GPS-antenna-to-
IMU “lever arm” displacement (GPS velocity measurement correction).

Section 11 provides an extensive numerical assessment of FGAHRS attitude accuracy along
a 3 minute simulated dynamic trajectory composed of a sequence of horizontal turns coupled
with 3-axis angular and linear oscillations. (A subsequent article will analytically describe the
trajectory generator simulation program used to create the trajectory used for performance
analysis.)

In Section 11, FGAHRS performance along the trajectory is presented in three parts. The
first assesses the general effectiveness of AHRS GPS velocity aiding by comparing Fig. 4 GPS
aided FGAHRS attitude accuracy with that of the Fig. 3 conventional AHRS (without GPS



aiding), both operating under “nominal” error free component conditions for zero earth magnetic
field inclination angle.

The second part of Section 11 expands on the “nominal” FGAHRS configuration, adding
“baseline” component errors representative of low-cost commercially available MEMS IMUs,
GPS-antenna-to-IMU lever arm uncertainty, and magnetometer-to-IMU heading misalignment
(or the equivalent of stray magnetic field bias). To mitigate the effect of the largest FGAHRS
component error sources, the second part assumes application of automatic in-use
gyro/accelerometer bias compensation, and automatic GPS lever arm and magnetometer
misalignment calibration during FGAHRS/user-vehicle installation.

Part three of Section 11 assesses FGAHRS performance under variations from the baseline
for operation with 1 deg/sec gyro bias, 10 milli-g accelerometer bias, 10 ft GPS antenna-to-IMU
lever arm uncertainty, and 5 deg magnetometer heading misalignment, all without automatic
gyro/accelerometer bias compensation. Included is a baseline configuration performance
assessment for zero and 74.71 deg magnetic field inclination angles (versus 58.94 deg used for
baseline performance evaluation), and for larger trajectory oscillations.

Section 12 provides conclusions for the article.
2. NOTATION, COORDINATE FRAMES, AND PARAMETER DEFINITIONS

This section defines the notation and coordinate frames used throughout the article.
Parameter definitions are provided in the article where they are derived.

2.1 NOTATION

V = Vector having length and direction.
\iA: Column matrix with elements equal to projections of V on coordinate frame A axes, i.e.,
the dot product of V with a unit vector parallel to each coordinate axis.
(\le) = Skew symmetric (or cross-product) square matrix form of \_/A represented by
0 -Vza  Vva
Vza 0 —Vxa | where—VXxa, Vya, Vza are components of \lA. The matrix
-WA  Vxa 0

product of (\iAx) with another A frame projected vector equals the cross-product of \lA
with the vector, i.e., (\lAX) V_VA:\lAX V_VA.
Cﬁlz = Frame A, to A; direction cosine matrix (DCM) that transforms a vector from its A,

projection to its A; projection, i.e.,V Al = Cﬁlz VA2 An important property of Cﬁlz is that

its inverse equals its transpose.



: ... d . .
()= Derlvatlveﬁ of parameter () with respect to time t.
H = Subscript denoting a vector or matrix in which the vertical component or row is equated to
zero.

k =IMU inertial sensor output cycle index (e.g., 1000 KHz k cycle rate). Used as a subscript, it
indicates the value of a sensor output sample at the end of a k cycle.

m= AHRS algorithm update cycle index (e.g., 100 Hz mcycle rate). Used as a subscript, it
indicates the value of a parameter at the end of an mupdate cycle.

t = Time from start of the FGAHRS algorithms computations.

2.2 COORDINATE FRAMES

B = Sensor frame fixed relative to IMU inertial sensor axes, rotating with the IMU. The B

frame angular orientation relative to sensor axes is arbitrary based on user preferences.
N = Earth fixed coordinate frame with axes aligned with local north(x), east(y), down(z)
directions.

3. CONVENTIONAL STRAPDOWN AHRSANALYTICAL STRUCTURE

The conventional AHRS configuration (used in this article for FGAHRS comparison) is built
around an inertial calculation of attitude/velocity using orthogonal three-axis
gyros/accelerometer inputs from a strapdown IMU. Gravity is approximated as being vertical,
the effect of earth’s rotation and vehicle angular translation over earth’s surface (order of 10
deg/hr) is ignored compared to the accuracy capability of commercially available MEMS gyros
considered in this article. Based on these approximations, the AHRS analytical structure
simplifies to the configuration depicted in Fig. 3.

In Fig. 3, CE‘ is a direction cosine matrix that transforms vectors from strapdown IMU B

frame coordinates to locally level non-rotating N frame axes, giccd is the IMU accelerometer
output vector in B frame coordinates (sensing non-gravitational acceleration — “specific force”),

gvlz{ccel is the IMU sensed specific force transformed to the N frame, ( g_)’;{ccel )H is the horizontal

component of g,uccel (also, the total horizontal acceleration as there is no horizontal gravity

component), \_/H is horizontal velocity (the integral of horizontal acceleration \_/,_'}I ) in the N

frame, and subscript 0 indicates the initial value of the designated parameter at time t = 0.
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Fig. 3 — Representative Conventional Strapdown AHRS

The Cg matrix in Fig. 3 is updated for IMU measured strapdown inertial rotation rate
ngro using the classic direction cosine matrix angular rate formula [1, Eq. (3.3.2-9)]. The CE‘

updating process includes angular rate feedback correction vector QgB whose N frame form in

Fig. 3 derives as follows:

(1)



Basic ngro inertial rotation rate updating of CE‘ is first analytically shown in (1) as being

augmented in the B frame by angular rate feedback correction QE’B . The subsequent (1)

derivation then employs well-known mathematical corollaries that the inverse of a direction

cosine matrix equals its transpose [1, Eq. (3.1-15)], and that Cg (wFB )(CB) (the matrix

transpose of the cross-product form of QFB) equals the cross-product form of CE QEB [1, Eq.
(3.1.1-40)]. The final derived (1) result is what is represented in Fig. 3.

The computed CE matrix in Fig. 3 is used to transform the IMU accelerometer

measurements as Apcce and the vector outputs from the strapdown magnetometer triad urrag into

N frame (north, east, down) components al Apceg and u . (Note: In practice, the magnetometer

triad may not be aligned with the B frame as are the accelerometers hence, a fixed

transformation may be required to generate ul i e., uB B yM

Umag Umag = =Cpq U mag where M is a

coordinate frame aligned with magnetometer triad input axes.) The al Apccg resultin Fig. 3 is

N

integrated to generate horizontal velocity components v , and umag is used to calculate the

¥ esig heading error in the AHRS computed CB matrix (after providing correction for earth’s

magnetic field vector u dechnatlon 6dcin from true north). (The uN parameter in the

mag

¥ esig Calculation is a unit vector along the N frame north (x) axis.) The \_/,’f‘| integration process

N

Heg to maintain average CE‘ vertical referencing to the

in Fig. 3 includes feedback correction v

local horizontal.

The computed \_/H and /o q signals are then used through fixed gains Ky, K 7y K Yy

K wBiasy > KwBi asy to generate the QEB and \—./FI?IFB feedbacks in Fig. 3. Basing the feedback on

. . N N . . N
integrated acceleration v, (rather than on g Accel 1 directly), attenuates transitory a Accel 1
components from impacting CE‘ accuracy. The u gown parameter in Fig. 3 represents a unit

Vector along the N frame downward axis z. Its cross-product operator presence when computing
a’FB feedback, rotates the VH multiplicand around the vertical by 90 degrees, the required

analytical orientation for translating linear \_/H feedback into a corresponding N frame angular

rotation.

Note that Fig. 3 includes an integration operation for estimating N frame components of the
IMU strapdown gyro bias vector QgiasFB . Including this term within the QyB feedback

prevents actual gyro bias from inducing attitude “hang-oft” error in the closed-loop feedback
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operations. The Qg‘iasFB signal will form the basis for the in-use automatic gyro compensation

routine discussed in Section 9.

Roll, pitch, heading (@, 6, ¥ ) AHRS outputs (not shown in Fig. 3) would derive from the
CE‘ equivalency in [1, Eq. (3.2.3.1-2)]:

cos@cosly —cos@siny +singsinfcosy  singsiny +cos@sindcosy
Cp =| cossiny  cosgcosy +singsin@siny  —sin@cosy + cos@sin Gsiny (2)
—siné sing@cos @ cos¢@cos @

From (2),

1__C3 Using 2 Quadrant ArcSin Extraction

®=sin" ﬁ 0=- sin_1C31
C+C
11 21 (3)

W= tan_l% Using 4 Quadrant ArcTan Extraction
11

where Cj1, Ca1, C3p are elements in column 1, rows 1 and 2, and in column 2, row 3 of the

CEI matrix.

4. GPSVELOCITY AIDED STRAPDOWN FGAHRSANALYTICAL STRUCTURE

In contrast with the conventional AHRS in Fig. 3, the strapdown FGAHRS configuration
incorporates GPS horizontal velocity in the feedback structure to mitigate horizontal acceleration
induced attitude error. The basic FGAHRS concept is depicted analytically in Fig. 4. FGAHRS
roll, pitch, heading outputs from Fig. 4 would derive from the same Eqgs. (3) provided for the Fig.
3 conventional strapdown AHRS.

In Fig. 4, the basic FGAHRS vertical attitude control feedback signal is a horizontal position
173 kR N . .. . ”y N .
like” parameter Riesid ! (“position change residual”) generated from AR, oLvH ° the integral of

\_/hI corrected for measured GPS horizontal velocity \_/gPSH and ABV[/\IoLv /HER feedback. (The
woLvV subscript refers to the integral without lever-arm correction for the distance vector from the
GPS antenna to the IMU.) The Bg esid 1 signal only measures the effect of propagated FGAHRS

B
u mag

component errors (in the IMU, GPS velocity, strapdown magnetometer triad

measurements), with no direct response to actual horizontal acceleration. It is calculated by

correcting AB\I/\\l/oLvH for the N frame change in I_B distance (produced by the change in CE‘

attitude since time t = 0). The corrected Bg&i dn result then becomes the source for CE‘

11



horizontal attitude tilt error feedback generation. The comparable feedback signal for the

conventional AHRS in Fig. 3 is VH

The Fig. 4 FGAHRS also generates a magnetic heading

derived error signal /g for CB heading attitude error feedback, the computation being
identical to that in Fig. 3 for the conventional AHRS.

Vopsy

Computation of \_/l_’?I
in Fig. 3, the exception being that the K, K y gains now multiply RN

and an added feedback gain K ris applied for generating AB\/'\/\IoLv HEe
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B

QGyro
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CE A 4
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a u
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u +sin )
vN =yN +}(aN —vN )dt . =( Jeast Odcln
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u
mag nrth

ARWoLv/H FB) dt
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N N
(VH Vepsy ~
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N o _ N
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t
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N
_>v
HFB

ABWOLV/ HFEB

—> QEB

Fig. 4 — GPS Velocity Aided Strapdown FGAHRS

q rather than v
H

, QEB feedbacks in Fig. 4 matches the conventional AHRS equivalent

N
YH >

. For compatibility with

the added K g feedback and associated fourth order (4 feedbacks) dynamic feedback response,
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the Fig. 4 K, H gain values would differ from those in Fig. 3 (designed for a 3

K YH’ KwBias
feedback third order dynamic response characteristic).

An alternative to the Fig. 4 configuration that more closely mimics the Fig. 3 approach would
be to structure the horizontal attitude tilt correction loop using GPS corrected horizontal velocity
feedback, i.e., in place of the integrated velocity feedback arrangement in Fig. 4. As in Fig. 4,
that GPS correction would also account for lever-arm motion, however, now representing lever
arm velocity rather than position change. Lever arm velocity would compute as the cross-
product of gyro-measured angular rate with the lever arm distance vector. However, under un-
modelable high frequency lever arm bending, the computed lever-arm velocity correction would
produce high frequency bending feedback noise error, a disadvantage for the velocity feedback
approach. The same error would also appear in the Fig. 4 integrated velocity feedback approach,
however, at a much attenuated amplitude. An additional advantage afforded by the Fig. 4
integrated velocity feedback approach is that the lever-arm compensation error will appear

directly in the Bgesi gy Mmeasurement. This allows the lever-arms to be easily in-use calibrated

using least squares error averaging as part of FGAHRS installation procedures (to be described
in the forthcoming article on in-use automatic FGAHRS accelerometer calibration).

5. FGAHRSINITIALIZATION

Before the Fig. 4 FGAHRS integration process begins, the Cg' , \_/hI initial values (CEO,

\_/H 0 ) must be set. Setting CB' o is performed using a Coarse Attitude Initialization process based

N
Ho
measured GPS velocity, and IMU measured angular rates (for GPS receiver-to-IMU lever arm
correction). Details are described next.

on magnetometer detected outputs. The v, value is set using the computed coarse Cg' 0 value,

5.1 COARSE ATTITUDE INITIALIZATION

Coarse Attitude Initialization approximates the initial roll/pitch angles in CE‘O as zero.

Based on the form of (2), for zero roll, pitch we can write:

cos VA/() —sin l/A/O 0
~ N . ~ ~
Cg,=| iy, COSy 0 (4)
0 0 1

where 62:0 is the coarse aligned value for CEO, and 17/0 is the corresponding coarse initial

uB

Umag into the N frame

heading. Using 6:;'0 to transform strapdown magnetometer triad output

gives

13



~N _~N B
Umag_CBOgmag (5)

where lAJr'?I‘ag 1s an approximation to the actual transformed Qr,;llag value. But attimet=0,
u_ =(cN TuN (i.e., based on the true CN and uN_values at that time). Substitutin
“mag ~\“Bo) =mag Bo 4" mag ‘ &

égo from (4) and !rl?lag from (C-2) of Appendix C into (5) obtains

cos y, —siny; 0 cos Bdcin€0S Bincin
~AN N B _| . ~ ~ .
Umag = Cpo Umag =| Siy, €0y 0 —sIn @gdn
0 0 1 |L€0SBdcin SN Bincin
(6)

€08 Adicin€OS Bincin€OS iy + Sin @ggnsin v,
= | €08 BgicinCOS BincinSiN i, = SIN HcinCos i,

COS Bdcin S1N Bincin

The first two (x, y) components of lAJ|’”\rl\ag are from (6):

~N ~ ) PN

= COS COS G COS + Sin Sin
Unmag, 0dcin€0S BincinCos OdcinSIny 0
A N . ~ . -~

Using Cramer’s rule (or a step-by-step analytical equivalent), Egs. (7) can be easily solved for
sin 1/70 and cos 1/70 :

~

~N . ~N
. umgxsmedcln"‘umgycosedclncoseincln
Slnl//() =

(COSzechn c0s”incin + sinzﬁdcln)
(8)

~N ~N .
Umnag, ©08 0dcin€08 find ~ Umag ysm Odcin

~

COS 1//0 =

(00529dcln c082Bindl + Sin29dcln)

With sin l/A/O and cos l/A/O determined in (8), ago is calculated with (4). Coarse initial attitude

alignment would then be executed using the computed égo approximation for CE‘O in Fig. 4.
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5.2 COARSE HORIZONTAL VELOCITY INITIALIZATION

N

H to GPS receiver
0

Initializing FGAHRS horizontal velocity \_/” in Fig. 4, equates v

provided horizontal Ve1001tyv

GPSH minus the horizontal velocity of the GPS antenna relative to
the FGAHRS IMU:

N _ N N
\—/H()_\—IGPSH |_H (9)

For I_B defined as the B frame lever arm distance vector from the GPS antenna to the IMU

(considered constant in the B frame), I_m is the I_B horizontal (H) projection on the N frame, and

I_H is the I_llfli rate of change in (9). Since I_B is approximately constant in the B frame (i.e.,

neglecting bending effects), applying Cg from [1, Eq. (3.3.2-6)] to (9) gives

LN = (o8 1%), =(e8 19), ~[ cB{e8wd)t®], [ cB{eBrwe1®)], 0

S

Approximating Cg‘ in (10) by égo from (4) with (8), and approximating Q(Bsyro in (10) by
O/ Tm (the IMU integrated gyro increment output o, over the current mcycle divided by the

N

mcycle time interval T ), coarse velocity initialization approximates V Ho

. ~N
by the estimate
Yy Vi 0

~N N ~N B
\—/HO_\—/GPSH_[CBO(QW?(I- ):|H /Tm (11)

Coarse horizontal velocity initialization is achieved using the \A/E approximation in (11) for
=Ho

N

YHo

in Fig. 4.

6. FGAHRS COMPUTER ALGORITHM DEFINITION

For FGAHRS software implementation, Figs. 5a and 5b provide a sequential set of digital
incremental computations, the equivalent of the Fig. 4 continuous form integral equations. Fig.
5a describes FGAHRS attitude, velocity, position residual updates for IMU, magnetometer, and
GPS inputs over an m computation cycle time interval. Fig. 5b generates and applies feedback
corrections to the Fig. 5a results, completing the mcycle. With some notable exceptions, the
analytical notation and computational flow in Figs. 5a and 5b parallels that in Fig. 4.
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QGyrok l Anced Kk

1

1
Qk:Qk—l+5(§Accelk+§‘Accelk_1)Tk At m cycle end: Nn=0k V=0

1
Axy = {Qk—l +E(5 Ay + Al_)k—l)} Tk Kn=2XAKy
m

A 4

s pa
o n(2) n' (n+2)! (n+4)

CEM =1+ fyom(em¥)+ olom (o)’
e oo rietoeirtontestl

AR, =121 om(em)+21 slom (@) |xm

\ 4

N _~N Bm-1
C*Bm=CBm CBm uB N

A\ 4

N B N B N B N B N _ N B
AV im=HCo A, ARgh = 1HCp ARy Umpg =C*g Umag

A\ 4

N N N
AN
Y = YH i T A

«N _ ApN N N _l( N N )
AR woLv/H m = ARuwoLv/Hm-1 T AR H i TYH oy Tm= S\ Yeps/H m T YGPS/H m

N .
mag/east
ARN o1y =ARN “th(Cc B, —CB)1®  Viesam= =
— Resid/Hm — wolLv/Hm Bm Bo/ - residm N
urnag/nrthm

C*8m Y'Hm RwolvHm ARResd/Hm Yresdm

Fig. 5a — FGAHRS Incremental Algorithm Updating For IMU, Magnetometer, GPS Inputs
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N N N
C*8m YHm FwolvHm AR esd/Hm  ¥Yresidm
N Y L N N _ N
QBiasFBm‘QBiasFBm_1+( K wiash Ypown* AR*reid/Hmt K wBias, ‘//ResideDown)Tm
o] N X ARFN AT

Dep ="Ky Upown Resid/Hm ™ K7y, ¥ Residm YDown + LRiasra,

N _ N N
Bron="5(@Fen* @py T

N _ %N
AV g, =05 KV(AR

<N
Resid/H m T AR*

Resid/H m_| )Tm

N _ <N
AR yoLvFB/H = 0 KR(AB*Resid/H T AR Resid/H m_ I)Tm

cBm—[ <ﬂFB <ﬂ e <ﬂssm ﬂc L

1
A\ 4
N _ N N
Yim =Y Hm ™ AVH/FB
N «N
BwoLv/H m =R* woLv/Hm ABwoLvFB/ Hm

v

VCi1TC3

y= tan_l% Using 4 Quadrant ArcTan Extraction
11
N N N
CBm YHm Ruwolwhm ¢ OV

Fig. 5b — FGAHRS Updating For Feedback And Attitude Output Generation

Using 2 Quadrant ArcSin Extraction

Referring first to Fig. Sa, the first computation block applies trapezoidal integration to

convert FGAHRS IMU gyro/accelerometer inputs Deyro, > A ncedl

17
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(e.g., 1 khz for a 0.001 sec sample time interval T ), into equivalent integrated angular-

rate/acceleration increments over the lower frequency mcycle used for remaining computations

(e.g., 100 hz for a 0.01 sec update cycle time interval T,). The Dyro, * 3 pcoel integration

increments are equated to rotation/velocity-translation vectors g, 77 based on the

approximation that for the FGAHRS application, coning/sculling effects in o, 7 m can be

ignored — see [2, Section 3.4]. Similarly, assuming that scrolling effects are negligible for the
FGAHRS application, position translation vector &, is calculated in Fig. 5a as a trapezoidal

summation (integration) of v, integrated acceleration measurements over the mcycle.

Having determined o, 77 , the second block in Fig. 5a applies exact formulas from

K,
m’ £m
[1, Egs. (7.3.3.2-19) and Sect. 19.1.3] to find corresponding changes in B frame attitude,

Bm_

velocity, position over the mcycle. The attitude change is represented by Cg I a direction

cosine matrix that transforms vectors from their B frame components at the end of cycle mto
their values at the end of the previous cycle (m—1). Velocity, position changes during rotation

vector g, build-up over an mcycle, are represented in the B frame by A\_/g: . ABEF .

induced by accelerometer measured “specific-force acceleration” (i.e., excluding gravity as
accelerometers are prone to do).

In Fig. 5a blocks 3 - 5, the * notation is applied to the Cg , VH , ARWoLv integration

parameters to identify their values following updates for the Cg Bm 1 A\_/SF . ABB

Fom changes.

The third block updates C for CBm I rotation from its CBm_1 value (at the end of cycle m-1)

to C*E‘m. The fourth block in Fig. 5a transforms the calculated A\_/B . ABB changes and

measured magnetometer M cycle input vector uE,ag into N frame coordinates AVSF Hm?
m

N N . . . . . .
AR /h o umagrn , paralleling the equivalent operations in Fig. 4. In accordance with the

derivations in [1, Egs. (7.3.3.2-19) & Sect. 19.1.3], exact A\_/g:m , ABg:m transformations are

B

transformation is
=mag

executed using Cgm from the previous update cycle. In contrast, the U

achieved using the block 3 updated C* E'm.

The last block in Fig. 5a uses AVN , A RN

Verim ARse i to update VH , ARN

H for Av

22woLv/ - /Hm’

changes, from their values at the end of the previous mcycle into \_/”‘N

N
AR Hm’

—SF/Hm

ARN values at the end of the current mcycle. The AR*N

2 woLv/H m WoLV/H m update includes the

integral of GPS horizontal velocity \_/gpS /y over the mceycle (as in Fig. 4), using a digital

18



trapezoidal integration algorithm. As in Fig. 4, horizontal position residual R Resid/H m is then

equated in block 5 to the updated AR*woLv Hom corrected for lever arm motion, the lever arm

correction based on the difference between CB 0 and the block 3 updated C*g'm matrix. Lastly,

grl:agm from block 3 is used in block 5 to compute heading error residual Y residm using the

formula provided in Fig. 4.

The primary computational accuracy in the FGAHRS algorithms stems from structuring Fig.

N %N N
5a updating for IMU sensed inertial changes, with exact C* m Yl , AR WoLV/H

algorithms. This also enables precision inertial software Vahdatlon using simple exact validation

updating

simulators/procedures - e.g., [1, Sect. 11.2.2] for Cg validation under constant B and N angular

rates, and [1, Sect. 11.2.3] for CE , vH , AR\NOLV validation under constant B frame angular-

N N «N «N
rates/accelerations under zero N frame rates. The C* o Yy o R WoLv/H m? , AR¥ Resid/H m

V& esidm results from Fig. 5a are input to remaining m cycle computation blocks in Fig. 5b for

FGAHRS feedback calculations and application.

The first block in Fig. 5b applies FGAHRS fixed gains K wBiasy K wBiasy’ K Yh? K Yy to the

el o,

R Resid/Hm® ¥Residm residuals to calculate the @

angular rate feedback in Fig. 4

. ARN

integrator update. The AVH IFBm’ “RWoLvEB/H m

N
(including gyro bias estimation DpiasFBm

feedbacks for Vi RioLv Him updating are calculated in Fig. 5a as increments of trapezoidal

integration the mcycle the block 2 in Fig. 5b block 2. Similarly, the S EB
- m

rotation increment in block 2 is computed as a trapezoidal integration increment of feedback the

angular feedback

angular rate Q:;le determined in block 1.

N N .
The ﬂ Prg. > Vi FBm’ ABWOLVFB Hm feedback increments from block 2 are then used to

update C*g_, V*y o RE i

, block 4 uses AV

. N N N
from Fig. 5a. Block 2 uses ﬁ Br to update C*g,, into Cp

N «N
VHIFBm’ ARwoLvFB/H to update V¥, . R¥ 0o 1000 Vi R

completing the attitude, velocity, position residual updating operations for the mcycle.

Note in block 3 that based on [1, Sect. 7.1.1.3], an orthogonality/normality correction has
been added following Cgm updating to eliminate the possibility of Egywm

orthogonality/normality error buildup from computer round-off during continuous very long
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term operations (e.g., many days). The Cgm attitude updating algorithms in Figs. 5a - 5b are

exact and will retain exact orthogonality/normality if initialized that way. For an actual
application, however, some orthogonality/normality error may gradually accumulate over time
due to computational round-off. For the FGAHRS application, the effect will probably be
negligible (using modern-day long-word-length floating-point processors). For safety (and
because the associated computation is relatively trivial), the Egy measurement/application

has been included in Fig. 5b block 3.

The last block in Fig. 5b provides the Egs. (3) conversion formula for generating traditional
FGAHRS roll, pitch, heading outputs ¢, €, v from Cgm.

7. FGAHRS ERROR EQUATIONS

Analytically determining constant gain values for a specified stable FGAHRS response is
facilitated by recognizing a fundamental characteristic of the ¥ poqq Bg@i dH measurements in

Fig. 4: When the Qiccel , I_B , ngro , \_/glpSH » WResiq Signals are error free and the initial CEO,

N N . : B ° N
VH, values are correct, ¥ pagiq » BR@i dH will be zero, hence, the resulting wpg, Vi g’
N : >
ARwoLv HE feedbacks will also be zero. Here’s why.

The Y Regg €quation in Fig. 4 was derived in Appendix C, representing the east component

of earth’s magnetic field vector umageast corrected for horizontal magnetic field variation @yqn
from true north. With the gqqp, correction, the computed horizontal magnetic field vector will
be north, having zero east component (represented by ¥/ gagq ). Thus, under error free

conditions, ¥ pagq Will be zero as stipulated.

The proof for Bg@ dH is more involved. First, note that RN , the derivative of

—ResidH

RN

Rresidy in Fig. 4, is given by RR@ dh RwoLvH - —(C | ) Note also, that under zero

error conditions, \_/H will equal GPS horizontal velocity plus the IMU velocity relative the GPS

antenna location, i.e., from (7), \_/,'}I| =\_/gPSH 3 (C IB) Thus, vayoLvH the AB\II\\l/oLvH

integrand in Fig. 4, will become Rv’\)IoLvH dt(c | )H ABVI\)IoLv/HFB and substitution into

the previous RR idn expression will find RR idy = ABv’;loLv/HF . But from Fig. 4,

N
RwoLv/H s KR RResd Thus, RResd - KR RRes dy O equivalently,
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Bgﬁ dy T KR Bgesi dy = 0. This differential equation for Bgﬁ du shows that for positive K r

N e N . .
and for Rp <4 H initially zero, Rp <4 H will remain at zero.

The previous discussion demonstrated that under zero error conditions, ¥ g »

N
HFB’
also be zero. Thus, Fig. 4 operations would proceed as if there was no feedback, accurately
propagating the FGAHRS solution without error. Conversely, if there are FGAHRS error

N
BRasidH

. B - N . . .
will be zero, hence, the wgg, v AB\NOLV /HER feedback corrections derived from them will

sources, ¥ Resiq » Bgesi dH will only measure the error source effects. Thus, an equivalent set of

FGAHRS error equations can be used to assess accuracy under all conditions, with or without
error mechanisms. This finding provides the basis for analytically deriving FGAHRS fixed gain
values for stable closed-loop performance (in Section 7) based on the FGAHRS computational
error equations.

7.1 FGAHRS OPEN-LOOP ERROR EQUATIONS

Processing Fig. 4 equations under open-loop (zero feedback) conditions propagates into the
following differential error equation form as derived in Appendix A and summarized in (A-14):

N B ° N
’w=- (CEI §QGWO)H 7Down =~ (CI’§|5QGyro

“N _{~Ns.B N_, N N N N
5\_/H - (CBagAccd )H +9 }_/H XUpown ™ ¥ Down gDownXQ'Acca H

- N _ syN N
5ABWOLVH =0vyy — 5\—/GPSH

éBgesidH - 5ABV,\\IIOLVH _(CE&-B)H +(CE5LB)

(12)

Ho

In(12), ¥ H , 7I|§own are horizontal (H) and vertically downward (Down) angular errors in the
CE matrix (treating the errors as a small angular rotation vector of the N frame from its nominal
horizontal/vertical orientation), 5QCBsyro is the IMU gyro output error vector in the B frame,

5\_/” is the horizontal velocity error, giccel 1s the IMU accelerometer output error vector in
the B frame, g is gravity magnitude (assumed constant), 5ABVI\\I, oLvi is the lever-arm-

uncompensated horizontal position change error, 532 esid i is the lever-arm compensated

horizontal position change error, ¢ indicates the error in the identified parameters, and 0
indicates the error parameter value at time t = 0.
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7.2 FGAHRS CLOSED-LOOP ERROR EQUATIONS (INCLUDING FEEDBACK)

Including the feedback (FB) terms in Fig. 4 for closed-loop operation, converts open-loop
Egs. (12) into the following closed-loop error model derived in Appendix B and summarized in
(B-12):

N
Swog, BiasFBH K wBiasH UBonn X 9 RivoLvy

+ Ka)BiasH Qlll\l)ownx{(cgé‘l—B)H _(CE&‘B)H J

. (13)
N N N N
’n = (CB 5“’Gyro) +5“’B|asFBH Ky gDownxaARwoLVH
N N ¢ B N ¢ B
Ky o (cB1%), -(cBr®) |
N _(~Ngc.B N N N N N N
5\—/H - (CBégAccd )H 5ARWO|_VH +9 ZH XUpown~ ¥ Down QDownngccel H
N ¢ B N ¢ B
+KV“0551)H—(c85L)HJ (14)

N _ N B
5ARW°'-VH Sy - KR5ARW0LVH 5GPSH+KR{(C o ) (CB5|— )Ho}

N N B
. N N Ueagt - (CB §9mag)
Sop =—K ugi — tan g; ~K o
WBjasFBpown wBiasy Ydwn incln 7nrth wBiasy uN
magprth
N N
7Down ~Upown - (CB 5(‘)Gyro) (15)
N N
N N Yeas - (CB 5” 9) SN
-K 7/1// 7/dwn —tan el ncln 7/nrth -K }/l// N + wBIaSFBDown
magyrh

In (13)—(15), u E is a unit vector along the strapdown IMU B frame X axis.

Egs. (13) — (14) are closed-loop differential error equations for Fig. 4 FGAHRS horizontal
channel computations of attitude, velocity, position change using GPS horizontal velocity
derived feedback corrections. Egs. (15) are closed-loop error equations for the FGAHRS vertical
(heading) channel computation using magnetometer derived heading error feedback. These
equations match the open-loop error equations in (12), plus added feedback through 4 horizontal

channel gains KR, Ky, K Yh K wBiasy and 2 heading channel gains K Yy K uBi asy, When

the gains are zero, (13) — (15) revert to their pure open-loop inertial form in (12) whose error
term definitions also apply for (13) — (15).
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The form of (13) — (15) facilitates determination of gain values to achieve specified
horizontal and heading channel time response characteristics.

8.0 FGAHRSFIXED GAIN DETERMINATION
8.1 HORIZONTAL CHANNEL GAINS

The horizontal channel error equations in (13) — (14) summarize as follows:

SN : N N
5Qa)FBH =~ KuBiasy QDownX5AB\NoLvH +
N _ < N _ N N
Ty = 5QBiasFBH Koy gDOV\'f1><5ABwoLVH *
“N _ N N N N N N
5\_/H =d 7—/H XUbown ~ ¥ Down QDownngccel H Kv é‘AB\NOLVH te (16)

N N N
== 9 Upown* Yy ~Kv AR gy T

SN g N N
5ABWO|_VH =0V — KR5ABwoLvH Hoe

N N
Ubown* accd 1y has been

dropped as negligible in the 5\_/,_’}l equation (based on the assumption that it is small compared to

N
Down

where --- refers to other input error terms. Note in (16) that 7I'§own

the g 7_/:: Xu term). An alternate approach might be to consider analytically cancelling

N

N . .
Upown X & cross-coupling correction to

(rather than dropping) this term by adding a }/’[\')own Anced

the \_'/|_'}IFBvelocity rate feedback in Fig. 4 block 3. The 7I’§own term for cross-coupling
correction would be the negative of the y/ pqq magnetometer measurement in block 3 - see (C-
10) and its derivation in Appendix C. However, using i/ poqq in this manner would then

: N N N . N - :
introduce atan Gincin ¥prth (gDownX B ncedl 1y ) error into the block 3 vy, integrand. Under high

magnetic field inclination angles (i.e., at high or low latitudes), the tan g;,qn effect could
overshadow the cross-coupling correction benefit.

Taking the first, second, and third derivatives of the last three expressions in (16) finds

s N , N N
52)(0[:5,_' =~ KwBiasy QDownXé‘ABwoLvH +

“N_ & N N SN
/4 _angBH Kyy QDownX5B\NoLvH
N N _oN i N

OV ~—9UpownX7H _KVéBwoLvH-i_m

v N e N N
5ABWO|_VH = 5\_/H -KR 5BWO|_VH I

(17)
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Substituting the first of (17) into the second, that result into the third, and that result into the
fourth then finds

N N
5wa)FBH ~ K biasy Ypown X AR o ypy 7
7/ _5“’B|asFBH Ky “Dova5ARWO|_VH .

N N
-K wBiasH u Ubown* oA RwoLvH -K YH Ubown* §AB\N0LVH +

N N SN N
vy =- 9 Upown*7H §ARWOLVH te

_ N N N SN
=-9 HDownx[_ gDownx(Ka)BiasH §ARwoLvH + K?’H §AB\N0LVH )}

N
— Ky 5AB\NOLVH +

—_— N N : N
=— Ky o RwoLvH 9 ( K Biasn 5ABWOLVH +tK 7H 5ABWOLVH ) *

(18)

AR N =sv,N-kraaR N

wolvH to

WOLVH

_ : N 5N
=Ky 5ABWOLVH -9 ( K Biasy oA RWOLVH +Kyy 5ABWOLVH )

KR 5ABWOLVH +

or with rearrangement:

AR N +KR5AEW0[\LIVH+KV5ARN +KJ,Hg§AR

—woLvH woLvH + Ka)Blas g SARN

- (19)

WOLVH WOLVH

Eq. (19) is a linear differential equation with constant coefficients having Laplace transform
N
(84 + KR+ s’Ky+S 9Ky, T 9K pBiasy )Z(é‘AB\NOLVH) =Z(-) (20)

where Sis the Laplace transform frequency parameter, and .Z ( ) indicates the Laplace
transform of ( ). The bracketed term in (20) is the characteristic root equation for Egs. (18). By
equating it to a desired response characteristic, the individual gains can be determined, e.g.,
setting each of the four roots to have a 1/ 7H characteristic response frequency, where 7H is the

4
: . . . . 1
desired characteristic response time constant. Setting the bracketed term in (20) to (s+]

TH

then obtains
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4
1
st+PK rHs?Ky+s 9Ky 9K pBiasy = (S'*'THJ
21)

4, 34 5 6 4 1
s ts s oS0
TH TH TH TH

Equating coefficients of equal powers of S finds for the AHRS horizontal channel gains:

K 4 K ¢ K 4 K ! (22)
R = — = — = . [ —
TH Y z'zH ™ og T3H oBiasy g qu

8.2 VERTICAL (HEADING) CHANNEL GAINS

Following the same procedure leading to the (22) horizontal gains, the heading channel gains
are determined from differential equations in (15):

N _ N ) N
é‘C‘)BiasFBDo\,\,n =~ KyBias, (7dwn — tanincin 7/nrth) e

N
== Ka)Biasl/, YDownT "
(23)

‘N _ o N N _ N
7Down = 5a)aJFBDown -K Yy (7’dwn —tan Gincin 7nrth) e

~_ N N
- K }/W }/DOWH + §wBiasFB Down +

The approximation in (23) of dropping the tan @jnqn 7mth term in (15) is based on the
assumption that it will not significantly impact closed-loop performance. This step was

necessary to produce a set of linear constant coefficient error equations in (23) as the basis for
closed-loop fixed gain determination.

Differentiating 7./[’)\|own in (23) and substituting 7./|:’)\Iown from the first expression in (23)

obtains
.o N _ . N . N _ . N N
YDown =~ K Yy ¥ Down + 5wa)FBDown toe=-K Yy VDown ™ K wBias, YDown* 24)
Upon rearrangement, (24) becomes
N ° N N
7Downt K}/y, 7Down t KwBias,/, YDown =" (25)

Eq. (25) is a linear differential equation with constant coefficients whose Laplace transform is
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N
S+ 5Ky, * Kosiasy ) Z (7Boun) =~ 2 () 26)

Equating the bracketed characteristic root expression in (26) to the equivalent of two roots, each
with a characteristic response frequency of 1/ 7y (for a Ty characteristic response time
constant), finds

2
1 2 1
2 — )
+S + e =|St—| =s°+S—+— 27

The heading channel gains are then obtained by equating coefficients of like powers of S:

2 1
KoBias, = 75 (28)
Ty

y‘// - Ty
9. FGAHRSAUTOMATIC GYRO BIASCALIBRATION MODE

The advantage of including the QgiasFB gyro bias estimators in the FGAHRS Fig. 4 (and
Fig. 3) feedback structure is that it allows gyro bias to be estimated and corrected (compensated)
as part of normal in-use operations. The method is to transform QIE\SIiasFB from the N frame to

the B frame using the inverse (transpose) of C%‘ . However, before this is executed, sufficient

time must elapse for heading rate transients to decay in the FGAHRS closed-loop structure. The
approach is to verify (by test) that heading rate remains small over the transient decay time of the
FGAHRS computations (e.g., the larger of the horizontal and heading loop transient decay
times), then issuing the compensation reset command to correct the existing gyro bias

compensation by an leiasFB amount (while simultaneously resetting leiasFB to zero). (Note:

For the fourth order horizontal FGAHRS loop with gains set to the equivalent of four sequential
first order responses of time constant 7H , the combined response time is 4 7H and for a “3
sigma” transient wait period, the wait time would be12 7H . Similarly, for the second order
FGAHRS heading loop (with gains set to the equivalent of two sequential first order responses of
time constant 7y ), the combined response time is 27y and for a “3 sigma” wait period, the

transient wait time would be 67y .) The following illustrates how the auto gyro bias correction
operation might be implemented within the FGAHRS Fig. 5b algorithm structure.
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C C
Coswm:% Sinwm:%
VCitm™ Caipy \VCiim™ Caim

Aytg = sin(l// - WSmp) = siny/,cos W gmp — €08 W msin Vamp
(29)
If (‘AWTst‘ > A‘//Max) Then:
Aty = 0 sin Vamp= siny/,,  cos W smp = COSW

Else If ( At‘//m > T AHRSTins ) Then:

Aty =0
_ NYT N
Opjascmp(t) = @pjascmp(—) + (C B ) DBiasFB
N
Opjasrp =0
End If

In (29), At 1s the time interval since the last reset when the heading change remained less
Ym g g
than the prescribed limit Ay, » A1y is the measurement of heading change since the last
Aty Teset, siny/,,, cosy/ ,, are the sine and cosine of heading extracted from Cg (based on
using C*E‘ in Fig. 5a), sin Wanp > COSY gy are sampled values of siny/ ., cosy ., at Aty
reset, TAHRSTns is the time interval for AHRS closed-loop computation transients to decay (e.g.,

3 times the response time), QgiasFB is the estimated N frame gyro bias in computed Fig. 5b
block 1, wpg; asCmo(_) is the IMU gyro bias compensation vector before (—) the update, and

Wp; aanp(+) is the IMU gyro bias compensation vector after (+) the update. Auto Gyro

Calibration Egs. (29) would be executed following the C*g update in Fig. 5a block 3. Gyro bias
compensation Opjastmp in (29) would then be applied continuously to the IMU gyro output

generated rotation vector in Fig. 5a block 1.
gm(+) :Qm_QBiascn“me (30)

where o (+) is the compensated rotation vector. The g, (+) compensated o, would be used

in place of the uncompensated o, in Fig. Sa following the block 1 compensation correction.
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10. HANDLING MAGNETOMETER DERIVED CROSS-COUPLING DYNAMICS

A fundamental problem using a strapdown magnetometer triad for FGAHRS heading

referencing, is the presence of a vertical of earth’s magnetic field vector component in the

B

gmagm measurement (manifested in magnetic field inclination angle @jnqn). At very high or

low latitudes, the @;q, angle approaches 90 degrees, the corresponding north magnetic field

N

component Umag /nrth

approaches zero, and the Y esid mheading error measurement in Fig. 5a

block 5 approaches a singularity condition. The result translates into the Fig. 5b attitude error

N
feedback rate Opp >

increasing heading error with closer @jnqn proximity to 90 degrees.
The magnetometer cross-coupling effect arises from using the FGAHRS computed CE‘

N

matrix (and its attendant errors) in the Umag
m

transformation operation in Fig. 5a block 4, and

subsequent generation of the y dm heading error measurement in block 5. The computed

Y esidm is applied through heading loop gains K Yy K »Bi asy to generate the Fig. 5b block 1

attitude feedback rate QN

FBm used in Fig. 5b blocks 2 and 3 for updating CE‘ . The overall

closed-loop result is that Cg attitude error 7r’?|rth (around the north axis) couples into CE‘
heading error 7l|§own' The effect appears analytically in 7}ll)\lown closed-loop error Egs. (15) as

tan Gincin thh . Under horizontal acceleration, the horizontal 7rl:lrth induced 7Bown heading

error will then couple back into the (14) horizontal control loops, potentially producing
instability.

Two approaches can be considered for mitigation: 1) Reducing the heading loop feedback

control gains (K and K 71//)’ or 2) Reducing the 7r’:|rth tilt error. Reducing heading loop

wBiasy
gains increases the time for transients to settle, thereby increasing the time requirement for
sufficient straight-line navigation for gyro bias auto calibration (see Section 9). Reducing the

ymth tilt error is a more complicated operation, necessitating the ability to deduce and reduce

thh based on available FGAHRS measurements. Since 7|’1\Irth 1s generated by several

FGAHRS error sources (most notably horizontal accelerometer error), in-use
estimation/correction generally involves a sophisticated estimation process. The classical
method of dealing with such issues has been through use of a Kalman filter.

Proper operation of a Kalman filter requires reasonably accurate models for the error effects
being estimated, both deterministic error models, and error model uncertainty characteristics - as
manifested in the classical covariance matrix (or equivalent) imbedded within Kalman
estimation. Unfortunately, for commercially available MEMS inertial sensors
(gyros/accelerometers), statistical error models are not readily available since their system use
has not been generally required. MEMS sensor statistical uncertainty is further complicated by
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the multiplicity of commercial MEMS manufacturers with differing design configurations and
associated error characteristics. An alternative to Kalman filtering is estimation based on
classical least squares error averaging, a simpler averaging technique that does not require error
statistics in its analytical formulation.

In the past, least squares averaging has not commonly been applied to multiple error source
problems due, in part, to past memory and throughput limitations in real-time navigation micro-
processors (and the popularity of Kalman filtering in modern applications). Such limitations are
no longer a problem for modern-day micro-processors. As such, least squares estimation can
now be a considered a viable option for a commercial MEMS-based AHRS application to
estimate and correct errors induced by strapdown magnetometer heading measurements at high
latitudes. A subsequent article will describe how least squares estimation can be applied to the
FGAHRS configuration discussed in this article.

11. PERFORMANCE ANALYSIS
11.1 DIGITAL TRAJECTORY GENERATOR SIMULATION PROGRAM

To evaluate the accuracy of various FGAHRS configurations, a simulation program was
developed for generating IMU, magnetometer, and GPS velocity outputs with a corresponding
exact attitude, velocity, position solution under user specified trajectory conditions. The
simulation defines the trajectory as a series of user specified heading turns (each for a specified
time period, heading rate, and forward acceleration change) coupled with user specified 3-
dimensional linear and angular oscillations (each at specified frequency, amplitude, start and end
time along the trajectory). The simulation is constructed as a set of exact closed-form analytical
equations that can be programmed into a subroutine for output at any specified time point.
Simulation outputs are exact (“error-free”) attitude, velocity, position navigation data at a
specified time instant, and a corresponding set of error-free strapdown gyro/accelerometer
signals that would be output from an error-free strapdown IMU following the trajectory.
Integration of the gyro/accelerometer outputs using exact strapdown integration algorithms will
yield a navigation solution identical to that provided by the simulator. The simulator is designed
to generate trajectories representative of surface (at sea or on land) vehicle motion
characteristics.

The subprogram that interfaces the trajectory generator with simulated FGAHRS
computational algorithms, generates corresponding GPS velocity and magnetometer output
signals, adding user specified errors to these and to the simulated IMU sensor signals for output.
A subsequent article will describe the simulator, deriving the equations for programming into a
digital simulation. For the performance evaluation described in this article, the following
describes the trajectory generator simulation configuration.

The trajectory begins at time t=0 at zero velocity and 90 deg heading. The segment turn
profile in Table 1 is executed during the trajectory by the simulated vehicle’s rotation center:

29



Table 1 — Trajectory Turn Profile

Segment Time Heading  Velocity Segment End Segment End

Number Start Time  Duration Change Change Heading Velocity
1 0 Sec 33 Sec 0 deg 0 fps 90 deg 0 fps
2 33 sec 10 sec 0 deg 20 fps 90 deg 20 fps
3 43 sec 4.5 sec 90 deg 0 fps 180 deg 20 fps
4 47.5 sec 20 sec 0 deg 0 fps 180 deg 20 fps
5 67.5 sec 10.25 sec -55 deg 20 fps 125 deg 40 fps
6 77.75 sec 20.5 sec 0 deg 0 fps 125 deg 40 fps
7 98.25 sec 5 sec -55 deg 0 fps 70 deg 40 fps
8 103.25 sec 20 sec 0 deg 0 fps 70 deg 40 fps
9 123.25 sec 5 sec 90 deg 0 fps 160 deg 40 fps
10 128.25 sec 20 sec 0 deg 0 fps 160 deg 40 fps
11 148.25 sec 5 sec -55 deg 0 fps 105 deg 40 fps
12 153.25 sec 26.75 sec 0 deg 0 fps 105 deg 40 fps

For the duration of the trajectory, the following linear oscillations of the rotation center and angular
oscillations around the rotation center were present:

Angular Oscillations Linear Oscillations
B-Frame Peak-To Peak N-Frame  Peak-To-Peak
Axis Amplitude Frequency Axis Amplitude Frequency
Roll (x) 20 Deg 0.4 Hz North (x) 1 Ft 0.2 Hz
Pitch (y) 20 Deg 0.15Hz East (y) 1 Ft 0.15Hz
Heading (z) 6 Deg 0.35 Hz Down (z) 2 Ft 0.35 Hz

The FGAHRS IMU vehicle location during the trajectory was simulated at a user specified
vector distance from the ship’s rotation center of 5 ft fore (forward), 3 ft port-side (left), 7.5 ft
upward, producing rotation generated accelerometer outputs that added to the center-of-rotation
acceleration.

Figs. 6a —61 depict the resulting reference trajectory attitude, velocity, position history and
corresponding error-free strapdown IMU gyro/accelerometer inputs.

Fig. 6a - Roll (deg) vs. Time (sec)
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11.2 FGAHRS COMPUTATIONAL CONFIGURATION DURING PERFORMANCE

EVALUATION

During performance evaluation, the FGAHRS algorithms were initialized using the process
described in Section 5. Following initialization, the Section 6 FGAHRS computational

algorithms were executed at a 100 hz update rate (T, = 0.01 sec update time interval). The
Auto Gyro Bias Compensation operation in Section 9 was not engaged except as a variation to

illustrate its effectiveness (described in Section 11.6.3).

During performance evaluation, the following values were used for the FGAHRS

computation algorithm constants:

Update Cycle Time (T ) = 0.01 sec
Horizontal Loop Characteristic Time Constant (74 ) =1 sec
Vertical (Heading) Loop Characteristic Time Constant ( 7y ) = 6 sec

From (22) and (28) the associated FGAHRS feedback loop gains became

Kr=4sec! Ky=6sec?> K yy = 0124 g ' sec™ K wBiasy, = 0.0311g " sec™
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Ky, =0333 s Kgpias, =0-0278 sec™

11.3 NOMINAL FGAHRS PERFORMANCE EVALUATION

Nominal FGAHRS performance is defined as response under zero error conditions, including
coarse initialization followed by FGAHRS closed-loop operation using the Section 6
computation algorithms. Nominal FGAHRS conditions include operation at 30 deg N latitude
and 93 deg W longitude, the longitude corresponding to maximum earth magnetic field
inclination from vertical (with increasing latitude). At 30 deg latitude, the magnetic field
inclination angle from vertical is 58.94 deg. It was assumed for nominal performance evaluation
that the magnetic field declination angle (magnetic variation) was completely compensated
within the FGAHRS software. Under nominal conditions, auto gyro bias compensation was
disabled.

Figs. 7a — 7d depict simulated nominal FGAHRS roll, pitch, heading errors generated under
the Figs. 6a — 6l trajectory conditions. Fig 7a shows the errors from trajectory start time t =0 to
trajectory end at t = 180 seconds. Fig. 7b shows the first 20 seconds of Fig 7a to provide detail
of attitude convergence from the Section 5 applied initialization process. Figs. 7c — 7d show the
Fig. 7a data from t = 20 to 180 seconds and from t = 60 to 180 seconds (using an expanded
vertical scale to more clearly define converged attitude error magnitudes).

Fig 7b shows that attitude initialization convergence begins with a heading error of -12 deg.
The large initial heading error arises from the large initial attitude error (order of 10 deg) around
the north axis coupling into the magnetometer derived heading error measurement through the
tangent of the local magnetic inclination angle - see (B-3) of Appendix B. The large north
attitude error arises from the coarse attitude initialization process in Section 5.1 that
approximates initial roll/pitch attitude to be zero, while “actual” (simulated) roll/pitch was
oscillating at + 10 deg amplitudes.

Figs. 7c — 7d demonstrate that following initialization transient convergence, nominal
FGAHRS attitude errors are essentially zero throughout the remaining Section 11.1 dynamic
trajectory, including sustained horizontal acceleration periods in Table 1 of 10 seconds duration
for Segment 2 (starting at t = 33 seconds) and of 10.25 seconds duration for Segment 5 (starting
att = 67.5 seconds). The residual errors remaining in Fig. 7d are primarily caused by
approximations in the FGAHRS Fig. 5a block 1 computation algorithms - equating the rotation/

velocity-translation vectors (o, 77 m) to increments of integrated strapdown IMU

gyro/accelerometer outputs (without adding coning/sculling compensation).
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11.3.1 Nominal FGAHRS Vs Conventional AHRS Performance
For Zero Magnetic Field Inclination Angle

Figs. 8a — 8d compare FGAHRS nominal (error free) performance with what would be
achieved using the nominal Fig. 3 conventional AHRS using integrated horizontal acceleration
(“velocity”) without GPS velocity correction for horizontal attitude tilt feedback, and
magnetometer feedback for heading error control. The FGAHRS configuration used in the
investigation was as described in Fig. 4, with magnetometer feedback for closed-loop heading
error control, and with GPS velocity correction included within the integrated horizontal velocity
(“position residual”) horizontal closed-loop feedback structure.

The conventional AHRS horizontal feedback configuration in Fig. 3 can be classified as a
“third order” closed-loop structure (three interconnected attitude, velocity, gyro bias estimation
integrators undergoing closed-loop control). The AHRS heading control loop was configured to
match the Fig. 3 AHRS “second order” magnetometer aiding approach (for attitude and gyro bias
estimation), using a characteristic time constant ( z,, ) set to 1.5 of the horizontal feedback control

loop characteristic time constant (7 ) — To equalize the resulting AHRS control feedback third
order horizontal and second order heading loop response times (i.e., 2 X 7y, =3 X 7).

The FGAHRS horizontal feedback configuration in Fig. 4 can be classified as a “fourth
order” closed-loop structure because of the four interconnected integrators (attitude, velocity,
integrated velocity, gyro bias estimation) undergoing closed-loop control. The FGAHRS
heading control loop was configured to match the Fig. 4 FGAHRS “second order” magnetometer
aiding approach (for attitude and gyro bias estimation). Section 11.3 defines the baseline values
for the baseline FGAHRS characteristic time constants (7 and 7y ) used for performance

evaluation.

To clarify the FGAHRS versus conventional strapdown AHRS comparison, the magnetic
field inclination angle was set to zero (to eliminate the associated north tilt coupling into heading
effect - See Section 10. It was also assumed that the magnetic field declination angle (magnetic
variation) was completely compensated within the AHRS and FGAHRS software. Both the
FGAHRS and conventional AHRS configurations used the initialization process in Section 5, an
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exception being that for the conventional AHRS, initial velocity was set to zero (because GPS
velocity was not available for AHRS initialization - as it was in Section 5.2 for the FGAHRS).
Both the FGAHRS and AHRS simulation tests used the Section 11.1 simulated trajectory for
performance evaluation.

The Fig. 8a result shows that roll, pitch errors for the AHRS configuration were on the order
of 6 deg when the 7y characteristic time constant was set to 10 seconds (the equivalent of a 30

second “one sigma” response time for the associated third order feedback control loop). Note the
initialization convergence characteristics in Fig. 8a during the first 33 seconds of AHRS
operation (under static trajectory conditions — see Segment 1 of Table 1). For 7 increased to 20

seconds (60 second one sigma response time), the AHRS roll, pitch errors in Fig. 8b reduced to 2
deg (but for a doubling of the initial transient response time compared with Fig. 8a). However,
when the trajectory velocity was increased from 40 to 60 fps (i.e., from 27 to 41 statute miles per
hour), AHRS roll, pitch errors in Fig. 8c increased to 4 deg. (The velocity increase was achieved
by increasing the Segment 2 velocity change in Table 1 from 20 to 40 fps.)

The results in Figs. 8a — 8c were what was expected from a conventional AHRS,
demonstrating its roll, pitch error susceptibility to horizontal acceleration (either from velocity
magnitude change in the forward direction or from velocity directional change generating lateral
centripetal acceleration during high angular rate turning). Decreasing the horizontal feedback
gain reduces this error effect, but at sacrifice of response time and increased attitude error
buildup from gyro bias following maneuver turns. The latter effect becomes feedback
configuration limiting for an AHRS using a commercial grade MEMS IMU where gyro bias on
the order of 1 deg/sec can be expected (e.g., for a 20 second 7 time constant setting as in Figs.

8b — 8¢, 1 deg/sec gyro bias can quickly build to 20 deg attitude error before its growth becomes
restrained by feedback). Use of the Section 9 auto gyro bias compensation could also be used for
the conventional AHRS to partially compensate large gyro bias errors. However, longer delay
time would then be required at constant heading (see Section 9) for low gain feedback transient
decay. For 7 =20 seconds as in Figs. 8b and 8c, a 2 sigma transient delay time allowance for

the third order horizontal control loop would be 3 % 20 x 2 = 120 seconds.

In contrast with Fig. 8c for the conventional AHRS, Fig. 8d demonstrates the performance
characteristics of the FGAHRS under the same zero error conditions used for the AHRS in Fig.
8c. Compared with the conventional AHRS 4 deg errors in Fig. 8c, Fig. 8d demonstrates that
following a much shorter initialization transient time decay period, the FGAHRS roll, pitch,
heading errors are imperceptibly small.
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Fig. 8a — Conventional Strapdown AHRS Roll, Pitch, Heading Error (deg) vs. Time (sec)
Using Velocity Feedback Without GPS Velocity Correction
Characteristic Horizontal Loop Response Time 7y = 10 Seconds
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Fig. 8b — Conventional Strapdown AHRS Roll, Pitch, Heading Error (deg) vs. Time (sec)
Using Velocity Feedback Without GPS Velocity Correction
Characteristic Horizontal Loop Response Time 7y = 20 Seconds

Nominal Conditions (Zero Errors) With Zero Magnetic Field Inclination
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Fig. 8c — Conventional Strapdown AHRS Roll, Pitch, Heading Error (deg) vs. Time (sec)
Using Velocity Feedback Without GPS Velocity Correction
Characteristic Horizontal Loop Response Time 7y = 20 Seconds
Nominal Conditions (Zero Errors) But With Zero Magnetic Field Inclination
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Fig. 8d — Strapdown FGAHRS Roll, Pitch, Heading Error (deg) vs. Time (sec)
Using Integrated Velocity Feedback With GPS Velocity Correction
Characteristic Horizontal Loop Response Time 7y = 1 Second
Nominal Conditions (Zero Errors) With Zero Magnetic Field Inclination
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11.4 BASELINE FGAHRS COMPONENT ERROR VALUES

Baseline FGAHRS performance is defined as response under typical error conditions,
including coarse initialization followed by FGAHRS closed-loop operation using the Section 6
computation algorithms. The following IMU, GPS, and magnetometer error source values were
used during baseline performance evaluation. Variations from some of these values were also
included as part of the performance evaluation process (described in Section 11.6).

11.4.1 IMU Sensor Errors: IMU gyro/accelerometer errors used during baseline performance
analysis were as shown in Table 2.

Table 2 — Baseline IMU Inertial Sensor Errors

X Gyro Bias: 0.1 deg/sec Y Gyro Bias: 0.1 deg/sec  Z Gyro Bias: 0.1 deg/sec

X Gyro Misalignment into Y: 1.0 deg X Gyro Misalignment into Z: -1.3 deg
Y Gyro Misalignment into Z: -0.75 deg Y Gyro Misalignment into X: -1.0 deg
Z Gyro Misalignment into X: -1.3 deg Z Gyro Misalignment into Y: -0.9 deg

X Gyro Scale Factor Error: 0.15% Y Gyro Scale Factor Error: -0.09 %
Z Gyro Scale Factor Error: 0.12 %
X, Y, Z Gyro Random Walk Noise: 2 deg/sqrt(hr) = 0.033 deg/sqrt(sec)
=0.033 (deg/sec)/sqrt(hz) = negligible = 0

X Accel Bias: 3.0 milli-g Y Accel Bias: 3.0 milli-g Z Accel Bias: -0.9 milli-g
X Accel Misalignment into Y: 1.0 deg X Accel Misalignment into Z: -1.0 deg
Y Accel Misalignment into Z: 1.3 deg Y Accel Misalignment into X: -1.0 deg
Z Accel Misalignment into X: -0.8 deg Z Accel Misalignment into Y: -1.2 deg
X Accel Scale Factor Error: 0.12 % Y Accel Scale Factor Error: 0.15 %
Z Accel Scale Factor Error: -0.13 %
X,Y, Z Accel Random Walk Noise: 0.3 milli-g-sec/sqrt(sec)
= 0.3 milli-g/sqrt(hz) = negligible = 0
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The 0.1 deg/sec gyro bias and 3 milli-g accelerometer bias figures in Table 1 are based on
prior FGAHRS in-use operation using the Section 9 auto sensor compensation processes. An
FGAHRS auto bias compensation process is also available for the accelerometers based on least
squares error estimation theory (as will be described in a planned future article).

Commercially available MEMS gyros/accelerometer accuracies are on the order of 1 deg/sec
and 10 milli-gs. These would have been in-use calibrated down to the 0.1 deg/sec, 3 milli-g
levels in Table 1 using the previously described procedures. Variation performance simulation
results to be shown in Sections 11.6.1 - 11.6.2 demonstrate performance at the uncompensated 1
deg/sec, 10 milli-g levels.

11.4.2 GPS Errors: The GPS velocity errors were defined to be zero for performance evaluation
described in this article. Parallel simulation studies have demonstrated that GPS velocity errors
of 2 fps have virtually no impact on baseline FGAHRS attitude accuracy.

11.4.3 Magnetometer Errors: Magnetometer heading misalignment relative to the IMU (or
equivalently, stray magnetic field bias) was set at approximately 1 deg for baseline performance
evaluation. The impact of a 5 deg IMU-to-magnetometer misalignment was also assessed
(described in Section 11.6.1). The effect of magnetometer-to-IMU heading misalignment was
simulated by adding 5 deg changes to the gyro/accelerometer 1,2 and 2,1 misalignment
coefficients in Table 2, with the 1,2 changes set to the negative of the 2,1 changes.

11.4.4 Lever Arm Compensation Errors: GPS-Receiver-to-IMU lever arm compensation errors
were included during baseline FGAHRS performance evaluation:

X forward axis GPS-Receiver-to-IMU lever arm compensation error = 0.5 ft
Y starboard (right) axis GPS-Receiver-to-IMU lever arm compensation error = (.5 ft
Z axis (downward) GPS-Receiver-to-IMU lever arm compensation error = 0 ft

The impact of 10 ftin X, 5 ft in Y variations from these values were included as part of
performance evaluation (described in Section 11.6.1).

11.5 BASELINE FGAHRS PERFORMANCE EVALUATION

Baseline FGAHRS conditions are defined as containing Section 11.4 errors operating at 30
deg N latitude and 93 deg W longitude, the longitude corresponding to maximum earth magnetic
field inclination from vertical (with increasing latitude). At 30 deg latitude, the magnetic field
inclination angle from vertical is 58.94 deg. It was assumed for the baseline and variation
performance studies that the magnetic field declination (magnetic variation) was completely
compensated within the FGAHRS software. Under the baseline simulation conditions, auto gyro
bias compensation was disabled.

Figs. 9a — 9c¢ depict the baseline FGAHRS roll, pitch, heading errors generated under Figs. 6a
— 6l trajectory conditions. Fig. 9a shows the errors from trajectory start time t = 0 to trajectory
end at= 180 sec. Fig. 9b shows the first 20 seconds of Fig. 4a to provide detail of attitude
convergence from the Section 5 applied initialization process. Fig. 9c shows the Fig. 6a data
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from 20 to 180 seconds following coarse alignment convergence (using an expanded vertical
scale to more clearly distinguish the roll, pitch, heading errors).

As with the nominal (error free) performance results in Fig. 7a — 7b of Section 11.3, Figs.9a -
9b shows that baseline attitude initialization convergence performance begins from a large
heading error of -12 deg (induced by the applied Section 5.1 coarse attitude initialization process
— See Section 11.3 for further explanation). Fig. 9c shows that following initialization
convergence, FGAHRS roll, pitch, heading accuracy (under the Section 11.4 applied baseline
error conditions), then remains within 1 deg under the dynamic trajectory conditions depicted in
Figs. 6a — 6l.
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Fig. 9c - Roll, Pitch, Heading Error (deg) vs. Time (sec)
Baseline Error Conditions — 20 To 180 Seconds
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11.6 FGAHRS PERFORMANCE UNDER VARIATIONS FROM THE BASELINE

Simulation studies have shown that the largest errors impacting FGAHRS accuracy are GPS-
antenna-to-IMU lever arm compensation error, magnetometer-to-IMU heading misalignment (or
the equivalent stray magnetic field bias), “horizontal” accelerometer bias, and gyro bias. The
Section 11.4 baseline values for these parameters were based on having them previously
calibrated, during FGAHRS installation calibration of lever arm and misalignment errors, and by
FGAHRS in-use auto compensation engagement for the accelerometer and gyro biases.

11.6.1 Error Sources Requiring Calibration During FGAHRS Installation

GPS antenna-to-IMU lever arms and magnetometer-to-IMU heading alignment would be
calibrated in the user vehicle during FGAHRS installation, with the expectation that results will
remain valid (stable) during future installed system use. Installation calibration applies least
squares estimation (built into the FGAHRS software) during a brief approximately straight
accelerating trajectory (to be described in a forthcoming article). The baseline 0.5 ft lever arm
errors of Section 11.4.4 and 1 deg magnetometer heading misalignment error of Section 11.4.3
represent values following installation calibration. Figs. 10 and 11 show the effect of operation
with 10 and 5 ft uncalibrated lever arms and an uncalibrated heading alignment error of 5 deg.
Comparison with baseline Fig. 9c FGAHRS performance shows a substantial increase in heading
error under non-calibration conditions, illustrating the need for installation calibration.
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Fig. 10 - Roll, Pitch, Heading Error (deg) vs. Time (sec)
With 10 Ft And 5 Ft GPS-Receiver-To-IMU X, Y Lever Arm Compensation Error
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Fig. 11 - Roll, Pitch, Heading Error (deg) vs. Time (sec)
With 5 Deg IMU-To-Magnetometer Heading Misalignment
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11.6.2 Error Sources Requiring Continuous Auto Compensation During FGAHRS Usage

For contrast with Fig. 9c, Figs. 12 - 13 have been prepared illustrating the impact on
FGAHRS attitude accuracy of leaving gyro/accelerometer bias errors uncalibrated at 10 deg/sec
and 10 milli-gs (compared with the calibrated Section 11.4.1 values used in Fig. 9¢). For each of
Figs. 12 - 13, the resulting attitude errors are somewhat larger than the 1 deg error levels
achieved by the performance baseline in Fig. 9c (but still generally acceptable).

------ Roll Err
Pitch Err
Heading Err
20 40 60 80 100 120 140 160 180
Fig. 12 - Roll, Pitch, Heading Error (deg) vs. Time (sec)
With 1 Deg Per Sec X, Y, Z Gyro Bias Error
2
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Fig. 13 - Roll, Pitch, Heading Error (deg) vs. Time (sec)
With 10 milli-g Additional X and Y Accelerometer Bias Error

11.6.3 Addition Of Auto Gyro Bias Compensation

Figs. 14a and 14b are a repeat of Fig. 12 operation with 1 deg/sec gyro bias error, but in this
case, having the Section 9 FGAHRS auto gyro bias compensation process engaged. Fig. 14a
shows the resulting attitude error history and Fig. 14b shows the corresponding auto gyro bias
compensation value history. Fig. 14a shows that auto gyro bias compensation reduces the 2 deg
error values in Fig. 12 to the 1 deg levels of the Fig. 9c baseline (that were based on 0.1 deg/sec
calibrated gyros). Fig. 14b shows how auto gyro bias compensation develops along the
trajectory from zero at trajectory start to the 1 deg/sec level needed for accurate compensation of
the 1 deg/sec gyro errors.
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Fig. 14a - Roll, Pitch, Heading Error (deg) vs. Time (sec)
With 1 Degree Per Second X, Y, Z Gyro Bias Error
With Auto Gyro Bias Compensation
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Fig. 14b - Auto Gyro Bias Compensation (deg/sec) vs. Time (sec)
With 1 Degree Per Second X, Y, Z Gyro Bias Error

11.6.4 Addition Of Auto Accelerometer Bias Compensation

A forthcoming article will describe in-use auto compensation for the accelerometers,
illustrating how it would compensate the 10 milli-g accelerometer errors used in Fig. 13 to the 3
milli-g level used for Fig. 9c FGAHRS baseline performance evaluation.

11.6.5 The Effect Of Increased Magnetic Field Inclination From Vertical

Thus far, all baseline data presented was for a trajectory located at 30 deg N latitude and 93
deg W longitude. As discussed in Section 10, operation at higher latitudes increases the
magnetic field inclination angle from vertical (e.g., from 58.9 deg at 30 deg N latitude to 74.7
deg at 50 deg N latitude). The effect increases the coupling of attitude tilt around the north axis
into the magnetometer derived heading error measurement (by the tangent of the inclination
angle — see (B-3) of Appendix B). Figs. 9a and 9b show that the effect at 30 deg latitude
increases the magnitude of the initial heading error under large roll/pitch angles (through the
Section 5.1 FGAHRS coarse attitude alignment initialization process). In other respects, the
effect wasn’t strong enough under baseline conditions to appreciably impact the ability for
sustained 1 deg attitude accuracy in Fig. 9¢ following initialization transient convergence.

11.6.5.1 Increasing Magnetic Field Inclination For Compensated (Baseline) Accelerometer Bias

Figs. 15a and 15b illustrate how performance would be impacted by operating the FGAHRS
baseline at 50 deg N latitude with its corresponding increased magnetic field inclination angle (to
74.71 deg - compared with the 58.94 deg inclination in Figs. 9a - 9¢ for 30 deg latitude
operation). Comparing Fig. 15a with Fig. 9a shows that increased latitude generates a much
larger initial heading error (from -12 to -30 deg) which is still effectively converged by the
FGAHRS fixed gain control loops. Fig. 15b shows that the converged heading error would then
be 1.5 deg compared to 1 deg for 30 N latitude operation illustrated in Fig. 9c, still reasonably
acceptable performance.

Increased heading error in Fig. 15b (compared to Fig. 9c) is primarily caused by the 3 milli-g
horizontal accelerometer errors present in these runs (through north attitude tilt coupling into
heading error, then heading error coupling into north and east attitude tilt during trajectory turns).
The 3 milli-g values are based on accelerometer biases having been in-use auto compensated

44



from their potentially uncompensated values of 10 milli-gs (for commercially available MEMS
accelerometers).
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Fig. 15a - Roll, Pitch, Heading Error (deg) vs. Time (sec)
Baseline Error Conditions
At 50 Deg N Latitude / 93 W Longitude
Time Scale = 0 to 180 Seconds
------ Roll Err

‘ " e Pitch Err
\"4
80 100 120 140 160 180

Heading Err

Fig. 15b - Roll, Pitch, Heading Error (deg) vs. Time (sec)
Baseline Error Conditions
At 50 Deg N Latitude / 93 W Longitude
Time Scale = 20 to 180 Seconds

11.6.5.2 Increasing Magnetic Field Inclination For Un-Compensated Accelerometer Bias

Fig. 16 shows that for 10 milli-g accelerometer bias at 50 Deg N Latitude / 93 W Longitude
(and a corresponding 74.7 deg magnetic field inclination angle), FGAHRS heading error would
be 4 deg without auto accelerometer bias compensation, significantly larger than the 1.5 deg
heading error shown in Fig. 15b with compensated accelerometer bias. The result illustrates that
for accelerometers having commercial grade MEMS accelerometers of unstable 10 milli-g (or
larger) bias error, in-use auto bias calibration is required to sustain accurate heading during
operation at high north (and south) latitudes. A subsequent article will show how in-use auto
accelerometer bias compensation (based on least squares error estimation) can be incorporated
into the FGAHRS computational software.
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Fig. 16 - Roll, Pitch, Heading Error (deg) vs. Time (sec)
With 10 milli-g Additional X and Y Accelerometer Bias Error
At 50 Deg N Latitude / 93 W Longitude
Time Scale = 20 to 180 Seconds

11.6.6 The Effect Of Increased Trajectory Oscillation Amplitudes

Te trajectory used for each of the previously presented performance evaluations contained 3-
axis linear and angular oscillations with peak-to-peak amplitudes as defined in Section 11.1 (20
deg for pitch and roll, 6 deg for heading, 1 ft for X, Y axis and 2 ft for Z axis linear oscillations.
This sections shows how baseline FGAHRS performance in Figs. 9a — 9c is impacted by
doubling these oscillation amplitudes. Results are presented in Figs. 17a — 17¢c. Compared to the
Fig. 9a and 9c results, Figs. 17a — 17¢ show comparable 1 deg accuracy following initial
transient decay, but with a larger initial transient amplitude due to the Section 5.1 coarse attitude
initialization process in the presence of the larger angular oscillations.
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Fig. 17a - Roll, Pitch, Heading Error (deg) vs. Time (sec)
With Doubling Of Oscillation Amplitudes
Time Scale = 0 to 180 Seconds
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Fig. 17b - Roll, Pitch, Heading Error (deg) vs. Time (sec)
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Fig. 17c - Roll, Pitch, Heading Error (deg) vs. Time (sec)
With Doubling Of Oscillation Amplitudes
Time Scale = 20 to 180 Seconds

12. CONCLUSIONS

The fixed gain approach described in this article is a viable and direct method for
implementing a strapdown attitude/heading reference system (FGAHRS) for operation in
dynamically moving surface vehicles (at sea or on land) using commercially available strapdown
MEMS inertial sensors, a 3-axis strapdown magnetometer (for heading error reference
feedback), and GPS horizontal velocity (for attitude tilt error control feedback). FGAHRS roll,
pitch, heading accuracy on the order of 1 deg should be readily achievable under dynamic
trajectory conditions. Operation at high northern or southern latitudes (e.g., 50 deg) will degrade
accuracy to some extent, but to a still acceptable level (e.g., to 1.5 deg heading accuracy).

The 1 to 1.5 deg FGAHRS accuracy figures assume application of auto gyro and
accelerometer bias compensation routines within the FGAHRS software for continuous in-use
reduction of unstable bias errors (from 1 deg/sec, 10 milli-gs uncompensated values to 0.1
deg/sec, 3 milli-gs with auto compensation). The auto gyro bias compensation routine used to
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generate the Figs.14a and 14b performance data has been described in Section 9 of this article.
A subsequent article will define how auto accelerometer bias compensation can be implemented
within the FGAHRS software based on least squares estimation, demonstrating performance
improvement achievable under dynamic trajectory conditions.

Another future article will provide a detailed analytical definition of the trajectory generator
used in this article to create simulated FGAHRS strapdown IMU inertial sensor, 3-axis
strapdown magnetometer, and GPS horizontal velocity inputs, with a corresponding “truth
model” attitude, velocity, position history for FGAHRS performance comparison.

APPENDIX A
FGAHRS OPEN-LOOP ERROR EQUATIONSDERIVATION

Derivation of the error equations for open-loop FGAHRS response begins by taking the error
differential of Bg esid 1 and the CE, \_/H, AB\,I\\I, oLvi integrands in Fig. 4, excluding feedbacks:

5C|_£,\l = 5[CE (_(Bgyrox)} = 5CE (ngrox) + Cg‘ (5ngrox)

5_|-'}l - 5(ngiccel)H - (5C§§Eccel)H +(CE5§EcceI)H

N N N (A-1)
AR o1 vy = OVH ~Vepsy,
N e oN N 5 B N < B
5BR$idH—5ARwoLVH— Cp Il ) +(C ol )

where ¢ identifies the error in the associated parameter. The §C§ error in Cg is traditionally

represented in terms of small angle error vector ¥ N defined as an angular rotation of the N frame
~N .. . N N N .

such that C , the matrix including error, equals | | —| 7 "X| |Cg, where | | —| 7 "X] | isa

small angle direction matrix that rotates the correct CE‘ into ag -asin[1, Eq. (3.5.2-11)].

Thus, JCE = (A:g —CE , and

sch =—(r"x)ch (A-2)
With (A-2), the 5Cé\‘ expression in (A-1) becomes

5Cé\| =_(ZN ><)Cllgl(Q(BByroX)"'CII%I(&QCB;yrox) (A-3)

Using [1, Eq. (3.3.2-9)] for Cé\l , the derivative of (A-2) finds for 5(5@' :
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SCR = —(z N x)cE —(7N X)Cé\' - —(7"'\' X)CE‘ —(7N X)CE‘ (@@ox) (A-4)
Equating (A-3) to (A-4):
6CH =7 x)cH (7" x)Ch =~(7"x)cB~(r"x)cB(@Brox) (a9
After canceling like terms, the negative of (A-5) becomes:
(2" x)ch =-cl (6080 (A-6)

Multiplying (A-6) on the right by the transpose of Cg (equal to its negative for a direction

cosine matrix) while recognizing from [1, Eq. (3.1.1-38)] that similarity transformation

CE‘ (5QEWOX)(C§)T equates to [(Cglé'g)gyro) x} , then obtains

N
(}_/ ><) = —[(CE 5Q(E’3yro) x} (A-7)
or finally,
rN=-choog, (A-8)

The horizontal (H) and downward (Down) components of A-8) are

t
° N B N °N
Yy =- (Cg 5QGyr0)H 7Down = (j) ¥ Down At (A-9)

With (A-2), the 5y|_'}| expression in (A-1) becomes

o N _ N 4B N¢.B _ N N,B Nc.B
OVH —(5CB é‘Accel)H +(CB5§Acce|)H —‘[(Z X) CBgAcceI}H +(CB5§Acce|)
(A-10)

- N, N Nc.B
——(7_/ Xé‘Accd)H +(CB5§Acce|)H

N . . .
Define 7 and §§ccel as the sum of their horizontal and downward vertical components:

N_,N, N N N __N N N
/4 _7_/H+7Down9Down gAcceI_gAccdH'i'aAccelDown!Down (A-11)
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where Hgown is a unit vector downward (along the N frame z axis). With (A-11), (A-10)
becomes

° N _ N, N N N N N N¢coB
5\_/H =- |:(ZH *+7Down HD()Wn)>< (QACCd H +aACC€| Down gDown):lH + (CB5§‘ACCG| H

N
Accel Down

(A-12)
N N N

_ N
=—a Down ~ 7Down YDown X &

N N<-B
ZHXQ ZAcce H +(CB5§AcceI)H

Lastly, we approximate achel bown & 1 g upward (to balance downward gravity) so that (A-12)
simplifies to
‘N _ . N_ N N N N N <.B
OV =9 7y X Upown ~ ¥Down YDown* B Accel T (CB d3ccel )H (A-13)
In summary, the results in (A-9) and (A-13) with (A-1) for 552@ dn and 5ABVI\I\IOLVH

(including subscript 0 initialization errors), are:

t
° N B N N N
’H :_(C§§QGWO)H 7H =7H0+(J;ZH t

t
SN N B N _ N ° N
YDown =~ (CB 600G ro) ’Down=7p + [ 7Down dt
Y0/ bown owno o
N _[~N <.B N_ N N N N
Ovy = (CB 03pccel )H +9 71 X Upown ~ 7 Down YDown > @ aced 1y
t (A-14)
SViy = SVl + oVt
0

. t .
N <N N N  _ <oN N
ORyoLvy =OYH ~Vepsy  IRpoLvy = 9RwoLvH T (f) OR oLvyy At
N PRY N < B N < B
SRRy = BRivoLyy ~(CH 4L )H +(chal )HO
APPENDIX B

CLOSED-LOOP FGAHRS ERROR EQUATIONSDERIVATION

Derivation of the error equations for closed-loop FGAHRS response begins with the error
differential of the CE, \_/H, AB\woLvH integrands in Fig. 4, blocks 1 and 3, including the

differential of Bg@i du in block 3, and using /| ogq from (C-10) Appendix C for the
differential of /g in block 3:

50



5C8 = 5| c(0Byr0x) - (@Fax)ch |

(B-1)
=sch (ngrox) +ch (5Q(Bgyro><) - (5QgBX)C|'§ —(Qgsx) SCB

5\_/I-I}I - §(C’I§|§Eccel _\;/l—ITIFB)H :(5CE§%\ccel)H +(C|’§|§§§\ccel)H oV \ (B-2)

HFB
N .
ORpoLvy = SVl = 5VGPSH ARwoLv/H B
N _ N N
ORResidy = 5BWOLVH _5(CB|_ )H +5(CB|_ ) Ho (B-3)
N _ N N
Nipg = KvORRqy PRy yiheg = KR 5RReS|dH

N _ N N N N
60rg =Ky, UnownX IRpesayy tKy, O Resid YDown T O@BiasrB

N N N N
0@giasrg = ~K wBiasy YDown* ORpesdyy + K oBias, % Resd Ypown ~ (B-4)

N N B
N N geaSt'(CB 59%9)
Y resid =~ Vawn T 10 Oincin Vnrtn t N
Mg prih

Using (A-2), (A-4), and the Z N derivation procedure in Appendix A, the (B-1) 5Cé\'

equation becomes

(7" x)ch - (7"x)ch(@Bro)

:_(;_/Nx)CE'(_gyrox)+C'§'(5ngrox)—(5c_o§8x)c'§' B
After like-term cancellation and multiplication on the right by (CE‘ )T :

_(Z " X) - [(CE o@ger) X} - (é@EBX) (B-6)
from which Z N is obtained:

rN=-cNowd, o+ ool (B7)

Substituting 5wB|asFB’ §wB|asFB= and oY g from (B-4) with §RR idy from (B-3) into

(B-7) finds for 7_/ (and for 5QBi asEB )
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5&_)Ll,\ilasFB:_Ka)B|asH uDown |:5R\NOLVH ( ) +5}(C§|‘B)H

gglast'(cgl 595&9) N

0

N N
~ KgBiasy, Ydwn ~ a0 8incln Ynrth ~ N UDown
mag pyth
(B-8)
SN _ N ¢, B N N N B N, B
Yy =-Cg 5QGyro_ K74 YDown™ [5RwoLvH _5(CB| ) +5}(CBI_ )Ho
N N B
N N geaSt‘(CB 59ma9) N N
~ Ky, | Ydwn~ 0 bincin Vnrth ~ N Upown+ 9@giasrB

MaGnrth
The 5C§ g,%\ccel term in 5\_/,_'}I of (B-2) is the same as in (A-13) with which (B-2) becomes:

°N _ N N N N N N ¢,B ° N
ovy =9 71 *Upown ~ ¥Down HDownxg‘AccelH +(CB 5§AcceI)H _5\—/HFB (B-9)

Substituting SV NF from (B-4) with ¢ RR iy from (B-3) into (B-9) finds for 5\_/,_'?I :

ouy =(6CN ajcea ), +(CH 68Rcca ), - KVPBVNW)LVH -5(chI®) +5(cy1®) } (B-10)

Ho

from (B-4) with SRY

Substituting o RN esid from (B-3) into (B-3) finds for 5Bv’v\|oLvH :

—wOLVH

N N N(B N(B
SR oLuy = OH ~ Vs, K {5RW0LVH 5(ch! )H+5(CB'_ )HO} (B-11)

The horizontal (H) and vertical (down) components of (B-9) — (B-11) then summarize as
follows:
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N
5QB|asFBH ~ KoBiasy uDOWﬂ>< o RWOLVH

+ K wBiasy g't\')ownx{(c'g'&_B)H _(C'g'cSI_B)HJ
© N

N N N

'y = (CB 5“)Gyr0) + §wB|asFBH K711 Uown X PRy,
N N5 B N B

+ KyH HDOWI’]X|:(CB5|— )H _(CB5|' )H 0j|

N N N_ N N N N
§VH (CB5aAccel) ~ Ky 5ABWO|_VH +t9 ZH X*Upown ~ 7Down YDown X @ accel H

+ KV{(CEﬂ_B)H —(CE'O"I_B)HJ (B-12)
5A.BVIV\IOLVH = OV - KR§ABVI\Iv0LVH _5\—/gPSH K R{(CS&-B)H _(CE&—B)H 0}

N N B
east - (CB Oreg)
o wBlasF Boown K wBiasy 7/dwn tan Gincin 7nrth K oBi as,,, N
mag pyrh

N _ N N B
7Down =~ Ypown- (CB 5QGyro)

Uspe - (CN Sufey )

N ) N N
-K 71// }/dwn —tan el ncln 7/nrth —-K 7y, N + 5wBiaSFB Down
magpyrth
APPENDIX C

STRAPDOWN MAGNETOMETER ANALYTICAL MODELING

A strapdown magnetic field detector (magnetometer) consists of three orthogonal sensing
elements, each measuring the component of earth’s magnetic field along its sensing axis. Earth’s
magnetic field can be represented in the N frame (x north, y east, z down) as a unit vector along
the magnetic field direction:

1

N N N
Umag = Cincin Cdcln Ynrth Unrth =1 0

0
. ) (C-1)
coSfdcin  SiNfdgn 0 c08fingn 0 —sinBingn
Cdcn=| —SINfdcin €08Odcin 0| Cinan= 0 1
0 0 1 sin@ingn 0 €osBincin
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where uN mag is a unit vector along the magnetic field direction in the N frame, uN

vector along the N frame x (north) axis, Cqqp 1S a direction cosine matrix that transforms

Unrth 1s a unit

vectors negatively around the vertically downward N frame z axis through the magnetic field
declination angle @qqp (also known as the magnetic variation), and Cjnqp 1s a direction cosine

matrix that transforms vectors negatively around the Cjnqn rotated y (east) axis through
magnetic field inclination angle @Gjnqn -

For a magnetic detector used for heading determination, the ideal orientation of the magnetic
field is north so that heading variations from north will be detectable as a rotation of the detector
from that direction. In addition to a north component, the actual magnetic field has both vertical
and east components, the latter being analytically removable based on a priori knowledge of the
magnetic field direction (a known numerical function of local latitude and longitude).
Combining the terms in (C-1) obtains:

COS @dcin€OS Bincin
N i
grrag = —S1N @cin (C-2)
08 Odcin SIN Bincin

For the strapdown FGAHRS application, the strapdown magnetic detector triad used for
heading determination has its sensing axes aligned with FGAHRS IMU B frame axes, thus

measuring earth’s magnetic field unit vector in B frame coordinates (u ) To determine the

heading error in computed FGAHRS algorithm attitude, the sensed magnetometer output is
transformed to the N frame using the FGAHRS computed Cg' matrix:

B (C-3)

Assin@yqpn correction is applied to the east (y) component of u 1n (C-2), yielding gregiq > @

result (residual) that would be zero if u and CB were error free:

mag
N N N B .
Oresid = Ueag - mag+81n8dc|n_ueast (CE mg)+51n9dcln (C-4)

Under CE and gr'?lag error conditions, ¢regq Will measure the heading-like error in CE‘ as

revealed by the error form (differential) of (C-4). Neglecting the error in sin fqgqp, finds
N B N B
Satresid = Uppt -(TCH Uy )+ Ungt - (CN SUBg) (C-5)
With the inverse (transpose) of (C-3) for u and (A-2) for 5CB (C-5) becomes
O00resid =~ Ugag - |V XUmag ) T Yeast - (CB 9Umag (C-6)
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Expanding vectors ¥ N and gr’;llag into their N frame components finds

N__N ..N N N N N
7 =7nrthYnrth t Yeast Yeast T ¥awn Ydwn
N _ N N N N N N
gmag - umagnrth Unrth * umageast Ueast + urnagdwn Ydwn

(C-7)

Substituting (C-7) in (C-6) obtains:
., —_nN N N N N N B )
Oresid = Unag ., dwn + Umag - 7nrth + Yeast - (CB 59mag) (C-8)
Now define:

OV resid E5arwd/ur'}lﬁgnrth

(C-9)
Using (C-2) for umag - (C-8) becomes the final form:
N N B
Upne - [CR OU
N N —east ( B _mag)
OV resid =~ Yawn T a0 Gindn Ynrth + N (C-10)

mag nrtn

Based on the (C-9) differential error i/ oqq > the corresponding non-differential /4

N

mag nrth : Then’ USil'lg (C_4) for Oresid » it follows that:

would be ¥ g = fresid / U

N B .
Ueag - (CE gmag) + 810 @i
Vviesd = UN (C-11)
mag pyth

Eq. (C-11) constitutes the FGAHRS magnetometer measurement equation, yielding zero
under nominal (error free conditions). Under off-nominal conditions (i.e., with errors present),
(C-11) becomes O g 1n (C-10), with ¥ ogq = OV gq then becoming proportional to the

negative of CE‘ vertical (heading) attitude error 7den , the primary signal being fed back by the

FGAHRS heading control loop (plus a cross-coupling term proportional to the Cg north angular

B B )
mag ° mag /-

The @yqn value for (C-11) would be programmed into the FGAHRS computer as a function of
local input latitude/longitude supplied by the FGAHRS GPS receiver.

error 7r’:|rth , plus an error induced by du the magnetometer triad’s error in measuring U
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