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ABSTRACT

This article is Part 1 of a three part series describing an improved strapdown
rotation test (SRT) for calibrating the compensation coefficients in a strapdown
inertial measurement unit (IMU). The SRT consists of a set of IMU rotations and
processing routines that enable precision measurements of IMU
gyro/accelerometer misalignment, gyro/accelerometer scale factor, and
accelerometer bias calibration errors, all without requiring precision rotation
fixtures and IMU mounting setup. The improved SRT is compatible with a broad
range of IMU types from aircraft accuracy inertial navigation systems (INSs) to
low cost micro-machined electronic module system (MEMS) varieties. This Part
1 article describes the general theory for the improved rotation tests, rotation test
operations, data collection during test, post-test data processing, rotation test
fixture requirements, rotation design for sensor error determination, and SRT
accuracy analysis of sensor error determination accuracy.

FOREWORD

This article is the first in a three part series describing improved strapdown rotation test
(SRT) procedures for calibrating a strapdown inertial measurement unit (IMU) containing an
orthogonal triad of inertial sensors (gyros and accelerometers), digital processor, associated
sensor calibration software, and other computational elements. The improved rotation tests
consist of a series of rotation sequences, each designed to measure one of the following errors in
the sensor calibration coefficients: gyro-to-gyro misalignment, accelerometer-to-gyro
misalignment, gyro/accelerometer scale-factor, and accelerometer bias. The second and third
articles in the three-part series cover the following topics:

Part 2: Analytical Derivations - Derives the Part 1 equations for 1) IMU sensor output data
processing, 2) Determining sensor calibration errors from the processed IMU data, and 3)
SRT inaccuracies caused by rotation fixture error, IMU mounting misalignment on the
rotation fixture, approximations in SRT data analysis equations, and residual gyro biases
during the SRT.




Part 3 - Numerical Examples - Provides numerical examples showing how collected SRT
rotation test data translates sensor errors into data collection measurements, and the
impact of neglecting gyro bias in the SRT sensor error determination process. The results
numerically confirm that rotation sequences designed in Part 1 measure the particular
sensor error for which they were designed.

1.0 INTRODUCTION

One of the lesser known but important developments in the history of strapdown inertial
navigation system (INS) development, was solving the problem of precision calibrating
alignments between the strapdown sensors without requiring precision rotation test fixtures.
Under rotation environments, misalignment between inertial sensors (and gyro scale factor error)
can generate significant INS error buildup. Thus, it had been believed that calibrating a
strapdown INS to the required sensor-to-sensor arc-sec alignment accuracy would require
rotation test fixtures capable of generating precision arc-sec test rotations, a significant cost
penalty for projected strapdown systems in production. The calibration problem was
exacerbated by the fact that for most arc-sec alignment accuracy applications, the sensor cluster
is attached to/within the INS chassis by elastomeric isolators of marginal angular stability,
particularly under thermal changes induced during testing operations.

The solution to the problem was first disclosed in 1975 [1] based on the fundamental
concept that a perfectly calibrated and initially self-aligned strapdown INS will have no velocity
rate output (acceleration) when stationary, even under rotations between stationary test
measurement orientations. Thus, non-zero stationary acceleration outputs would provide a direct
measure of INS sensor calibration error without the need to execute precision INS rotations
during the test. The result was a significant reduction in rotation test fixture accuracy
requirements (and cost). Based on this principle, the strapdown rotation test (SRT or “S-Cal”)
was conceived consisting of a set of rotation sequences with test measurements taken when the
INS was stationary at the end of each sequence. The ensemble of sequences was designed to
excite particular sensor error sources, thereby generating distinctive signatures on the stationary
acceleration measurements. Processing the measurements at test completion (an analytic
inversion process) allowed individual sensor errors to be determined. Results were then used to
correct sensor calibration coefficients in the INS computer software.

In the original 1975 paper [1], each rotation test sequence was preceded by a standard INS
inertial self-alignment (for attitude initialization in the INS computer), followed by entry into the
free-inertial navigation mode. Each SRT rotation sequence was then executed in the free-inertial
mode. At completion of each rotation sequence, the stationary test measurement was taken as
the INS output average acceleration. Following the measurement, the INS was rotated to the
starting orientation of the next rotation sequence where self-alignment/navigation-mode-entry
was again performed. (The purpose for the repeated self-alignment was to eliminate attitude
error build-up caused by gyro error during the previous rotation sequence.)

In 1977, the [1] concept was refined, changing the horizontal measurement to be the
difference between average accelerations taken before and after rotation sequence execution [2,



Sect. 18.4]. The acceleration difference measurement eliminated initial attitude error generated
by gyro error during the previous rotation sequence, thus, eliminating the need for INS self-
alignment between rotation sequences, and allowing operation in the free inertial mode from
rotation test initiation (following INS self-alignment at the start of the SRT). (The before/after
measurement approach was introduced by Downs [2, Ref. 5] for compatibility with an existing
Kalman filter used to extract the acceleration measurements.)

An additional refinement in the 1977 SRT concept was to generate the acceleration
measurements from the output of a strapdown “analytical platform” rather than as INS computed
velocity rate. An analytic platform is a fundamental computational element in a strapdown
inertial system that transforms strapdown accelerometer signals through a direction cosine matrix
(DCM) into a non-rotating reference coordinate frame (analogous to a mechanically gimbaled
gyro-stabilized platform on which the accelerometers and gyros are mounted). For SRT
application, the analytic platform would reside in the inertial system under test, or as software in
the SRT test computer. The latter concept is depicted in Fig. 1, the DCM being calculated in the
“Attitude Computation” block. In the Fig. 1 approach, SRT software would also include the
ability to execute initial self-alignment of the DCM using the identical method employed in an
INS. (Note: In Fig. 1 and in this article, Inertial Measurement Unit (IMU) designates a
strapdown inertial system in general; INS designates a particular type of IMU in which the
computer software is configured to calculate attitude, velocity, and position.)
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Fig. 1 - Strapdown Rotation Test (SRT) Setup

This article describes an improved version of the 1977 SRT that eliminates the need for
attitude reference self-alignment at the start of the test, and revises the measurement concept to
enable design of each SRT rotation sequence for determination of a particular sensor calibration
error. This contrasts with the 1977 SRT which generated measurements containing groupings of



several sensor error effects, requiring an intuitive “cut-and-try”” approach to find a set of rotation
sequences that were analytically sufficient to determine all sensor calibration errors. The result
[2, Sect. 8.4] was a set of 16 rotation sequences to determine the Fig. 1 sensor calibration errors.
The improved SRT determines the same errors with 14 rotation sequences.

As with the 1977 SRT, acceleration measurements for the improved SRT are taken in a
locally level coordinate frame (“Reference Frame Accelerations” indicated in Fig. 1). In the
1977 version, the DCM was initialized (and locally level frame thereby analytically “erected”) at
the start of the rotation test using traditional INS self-alignment attitude initialization software
routines. The DCM was then maintained throughout the rotation test. A consequence of this
method was that during the rotation test, the DCM accumulated error buildup from gyro
calibration error, making it difficult to apply the SRT concept to IMUs having gyros of lower
accuracy than used in a typical aircraft INS.

The self-alignment process executed with the 1977 SRT at test start for DCM initialization
also determined earth rate components used for DCM updating during the test. With the new
SRT approach, the initial self-alignment process is eliminated, the DCM is initialized to the
nominal IMU attitude at the start of each rotation sequence, and known earth rate components at
the nominal starting attitude are used for DCM updating during the rotation sequence (see Fig.
1). This approach induces a small angular tilt-from-vertical error in the initial DCM that is
subsequently eliminated from the SRT measurement by the Fig. 1 before/after difference
method. Similarly, the small earth rate error incurred using nominal rather than measured earth
rate for DCM updating has negligible impact on SRT accuracy. More importantly, however, is
that the time since DCM initialization for gyro and residual earth rate error buildup becomes the
time to complete each rotation sequence (e.g., 30 seconds). In contrast, the time for DCM error
buildup using the 1977 SRT was the total time from DCM initialization at test start until test
completion. Thus, residual gyro and earth rate error effects with the new approach have much
less time to propagate into DCM error. The result is that accurate sensor calibration can be
accomplished with the new approach for a broader range of IMU accuracy configurations, not
only those using aircraft INS accuracy sensors.

This article provides a detailed description of the improved SRT showing how it would be
implemented using a standard modest accuracy (e.g., 0.1 deg) two-axis rotation test fixture.
Sections 2.0 and 3.0 define the notation and coordinate frames used in the article analytics.
Section 4.0 describes a two-axis rotation fixture used to execute SRT rotations, a set of
recommended rotation sequences for the new SRT, IMU sensor “Compensation Equations”
depicted in Fig. 1 for generating SRT gyro/accelerometer inputs, data processing to generate the
SRT acceleration measurements, and computational routines for calculating sensor calibration
errors from the measurements. Included in Section 4.0 are descriptions of a digital processing
iteration approach for enhanced SRT accuracy and methods to mitigate the impact of gyro bias
residual errors on test results. Section 5.0 presents an error analysis for the new SRT showing
how sensor error determination accuracy is impacted by IMU mounting error on the rotation test
fixture, rotation fixture error in executing SRT rotations, uncertainty in rotation fixture
orientation relative to local north, east, down coordinates, approximations in the SRT processing
equations, and IMU sensor calibration errors prior to SRT execution. Section 6.0 provides a



detailed description of the logic used in constructing rotation sequences for the new SRT that
enable determination of a particular sensor error from each sequence.

2.0 NOTATION
The following general notation is used throughout this article.

V = Vector without specific coordinate frame designation. A vector is a parameter that

has length and direction. Vectors used in the paper are classified as “free vectors”,

hence, have no preferred location in coordinate frames in which they are
analytically described.

ZA = Column matrix with elements equal to the projection of } on coordinate frame 4

axes. The projection of V on each frame A axis equals the dot product of /' with a
unit vector parallel to that coordinate axis.

(ZA ><) = Skew symmetric (or cross-product) form of KA represented by the square

0 =Vza Vw
matrix | 7 z4 0 — Vx4 | in which V'yy, Vyy, V74 are the components of
-Vva  Vxy 0

KA. The matrix product of (ZA ><) with another 4 frame vector equals the cross-

product of ZA with the vector in the 4 frame, i.e.: (KA ><) KA = KA X KA .

Cﬁlhz — Direction cosine matrix that transforms a vector from its coordinate frame 4,
projection form to its coordinate frame 4; projection form, i.e., V4l = lez yAz,
The columns of Cﬁlz are projections on 4; axes of unit vectors parallel to 4, axes.
Conversely, the rows of Ci ; are projections on 4, axes of unit vectors parallel to
A1 axes. An important property of lez is that it's inverse equals it's transpose.

w;., = Angular rotation rate of generalized coordinate frame A relative to inertially
non-rotating space (I : A subscript).

w;.p = Angular rotation rate of the earth relative to inertially non-rotating space (I : £
subscript).



wg., = Angular rotation rate of generalized coordinate frame A relative to the rotating

earth (E' : A4 subscript). Note that w;. ,=w;.p+@y., and equivalently,

Dp.y=Q1- 4~ P .-

- d . : :
() dL) = Derivative of parameter ( ) with respect to time z.
t

~

() = Computed or measured value of parameter ( ) that, in contrast with the idealized
error free value ('), contain errors.

3.0 COORDINATE FRAMES

The primary coordinate frame used in this article is the IMU fixed B frame that is rotated
relative to the earth (and inertial space) during each SRT rotation sequence. Other coordinate
frames related to B are fixed (non-rotating) relative to the earth, most aligned with the B frame at
the start and end of a rotation sequence, one defined to be aligned with north, east, down
coordinates at the test site. Specific definitions for the coordinate frame are as follows:

B = IMU sensor frame that is fixed relative to strapdown inertial sensor input axes, but
that rotates relative to the earth during each rotation sequence of the SRT. The
angular orientation of the B frame relative to sensor axes is arbitrary based on user
or traditional preferences.

MARS = Designation for a “mean-angular-rate-sensor” B frame selection, the orthogonal
frame that best fits around the actual strapdown gyro input axes.

NED = Earth fixed coordinate frame with axes aligned to local north, east, down
directions.

Bsy: = Coordinate frame that is fixed (non-rotating) relative to the earth and aligned

with the B frame at the start of the rotation sequence. Nominally, one of the
By frame axes would be aligned with the local vertical if the IMU being tested

is perfectly mounted on an idealized rotation fixture.

Brna = Coordinate frame that is fixed (non-rotating) relative to the earth and aligned
with the B frame at the end of the rotation sequence.

Bi, sy = Coordinate frame that is fixed (non-rotating) relative to the earth and aligned

with the B frame at the start of rotation i in a rotation sequence.

Bj Ena = Coordinate frame that is fixed (non-rotating) relative to the earth and aligned

with the B frame at the end of rotation i in a rotation sequence.



4.0 STRAPDOWN IMU ROTATION TESTING
4.1 ROTATION TEST FIXTURE DESCRIPTION

The SRT process described in this article is designed for compatibility with IMU testing
using a moderate accuracy (e.g., 0.1 deg) two-axis rotation fixture with outer axis rotation axis
horizontal, inner rotation axis perpendicular to the outer axis, and the test article mounting
platform plane perpendicular to the inner rotation axis. (The horizontal outer axis is sometimes
denoted as the “trunion” axis.) For a computer controlled rotation fixture, electric torque motors
are commanded to drive the inner and outer rotation angles at prescribed angular rates (or
angular settings) specified by the test computer. For this article, we will assume that the IMU
being tested is installed on the fixture test mount with one of its axes aligned with the rotation
fixture inner rotation axis.

Fig. 2 illustrates the arrangement of a manual two-axis rotation fixture used at Honeywell
during the 1975 - 1977 time period to calibrate engineering developmental INS configurations.
The fixture had 90 deg spaced detents for each rotation axis, simplifying manual generation of 90
deg multiple rotations.

Fig. 2 - Manual Two-Axis Rotation Test Fixture
(1976 Photo - Minneapolis RLG INS Team, Yours Truly On The Right)



4.2 IMPROVED SRT ROTATION SEQUENCES

The SRT consists of a set of rotation sequences during which IMU data is processed and
recorded for post-test determination of IMU calibration errors. Table 1 provides a set of 14
recommended rotation sequences based on the new SRT formulation using traditional mutually
orthogonal X, y, z nomenclature to identify particular IMU axes during the test.

Initial IMU Axis Directions Initial Rotation
Sequence Along Outer Fixture Angles Sequential IMU Axis Rotations
Number Down  Rotation Axis  Inner  Outer
1 Z Y 0 0 +360 Y
2 4 X +90 0 +360 X
3 X Y 0 -90 +360 Z
la Z Y 0 0 360 Y
2a Z X +90 0 -360 X
3a X Y 0 -90 -360 Z
4 V4 Y 0 0 +180Y,+180Z,+180Y, +180 Z
5 Z X +90 0 +180 X, +180 Z , +180 X, +180 Z
6 X Y 0 -90 +180Y, +90 Z, +180 X, +90 Z,
+180Y, +90 Z, +180 X, +90 Z
7 Y X +90 +90 +180 X
8 Z X +90 0 +180 X
9 X Y 0 -90 +180 Z
10 Y X +90 +90 +130 Z
11 Z Y 0 0 +180' Y
12 X Y -90 +180Y
13 V4 Y 0 +180Z,+180Y
14 Z X +90 0 +180 Z, +180 X

*Note - rotation sequences la - 3a are not needed when gyros have no scale factor asymmetry.

Table 1 - Improved Strapdown Rotation Test Sequences

Table 1 is based on the IMU mounted on the rotation fixture with z axis (of a mutually
orthogonal x, y, z set) aligned with the inner rotation axis and downward when the outer axis
rotation angle is zero. The IMU x, y axes mounting are defined as having the y axis aligned with



the outer rotation fixture axis when the inner axis rotation angle is zero. A detailed discussion on
Table 1 rotation sequence selection is presented in Section 6.0.

4.3 SENSOR COMPENSATION

Compensation equations are contained in IMU (or SRT) software to correct modelable errors
in the strapdown gyros and accelerometer outputs. Prior to SRT engagement, the compensation
coefficients would be pre-calibrated for previously measured, approximated, or known error
characteristics. The SRT operates on the compensated IMU sensor signals to determine error
residuals remaining in the pre-calibrated coefficients. The coefficient error residuals are then
used to update the compensation coefficients. In general, compensation coefficient pre-
calibration only includes sensor alignment corrections measured on an individual sensor basis (if
at all), prior to sensor installation in the IMU. The primary purpose for the SRT is to accurately
measure and correct the sensor-to-sensor alignment coefficient errors, effects that can only be
accurately measured after sensor installation in the IMU. The SRT also updates the calibration
coefficients for gyro scale factor and accelerometer bias error residuals that may not have been
accurately set in the pre-calibrated coefficients (or may not be representative of sensor changes
since original calibration).

4.3.1 Sensor Compensation Equations

A two-stage approach is commonly used for sensor compensation operations. The first stage
corrects errors due to IMU/sensor design configuration and individual sensor errors measured
prior to installation in the IMU. The second stage corrects errors remaining in the first routine
outputs. Calibration is the process of setting the error coefficients in the sensor compensation
routines. The sensor compensation equations described in this article are based on the inverse of
the sensor output models in Part 2 [3, Appendices A & B] with random noise terms deleted; Part
2 [3, Egs. (A-4) & (B-4)] for the first stage compensation routines, Part 2 [3, Egs. (A-7) with (A-
17) & (B-7) with (B-17)] for the second stage compensation correction routines. The purpose for
the SRT is to determine error residuals remaining in the second stage compensation routine
coefficients. The first and second stage compensation routines are as follows:

| -1 P | |
o= (1+ KScal) DRaw o= KAlgn (Q ~ @pigs _QQuant)
' -1
QSF:(I+ LScal) LSE paw (1)
asp — LAlgn (QSF ABias ~ 2Size ~ 2 Aniso gQuam‘)
~ ~ ~ ~ B -1, ~ =«
Q=(1+K'MiS+K'LinScal+K'Asym QSign) (Q_EBZ'QS)
| @)
asp = (H' AMis T ALinScal™ A Asym ASFSign) (QSF - igias)
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where

@p,yy = Gyro triad uncompensated (raw) output vector.

@'= Gyro triad output vector compensated for scale factor error.

@ = First stage compensated gyro triad output vector.

@= Second stage compensated gyro triad output vector. Shown witha  to indicate

that the compensated angular rate may still contain residual errors to be measured
and corrected by the SRT process.

I = Identity matrix.

K scar = Gyro triad scale factor correction matrix, a diagonal matrix in which each

element adjusts the output scaling to correspond to the actual scaling for the
particular sensor output. Nominally, the K g.,; matrix is zero. The K g.,; matrix

may include non-linear scale factor effects and temperature dependency.

K 4ign = Gyro triad alignment correction matrix. Nominally, the K 4., matrix is

identity. The F 44, matrix may include temperature dependency.

Wpi, = QGyro triad bias correction vector. Each element corrects the output from a

particular gyro to zero under zero input inertial angular rate conditions. In some
gyros, wp,,. may have temperature and specific force acceleration sensitivities.

Douant = Gyro triad pulse quantization correction vector for gyro outputs only being

provided when the cumulative input equals the pulse weight per axis. Includes
pulse output logic dead-band effect under turn-around conditions (See [2, Sect.
8.1.3.2)].

kmis = Gyro triad misalignment compensation residual matrix having zero diagonal

elements.

I}LinSca[ = QGyro triad linear scale factor compensation residual diagonal matrix.

K4sym = Gyro triad asymmetric scale factor compensation residual

diagonal matrix.

ﬁg-gn = Diagonal matrix with elements equal to unity magnitude with the sign (plus or

minus) of the é) elements.

10



Kpiss — Qyro triad bias compensation residual vector.

Agp = Accelerometer triad uncompensated (raw) specific force acceleration output
- aw

vector.

agr = Accelerometer triad output vector compensated for scale factor error.

é g = F irst stage compensated accelerometer triad output vector.

é SF = Second stage compensated accelerometer triad output vector. Shown witha  to
indicate that the compensated specific force acceleration may still contain residual
errors to be measured and corrected by the SRT process.

Lsca; = Accelerometer triad scale factor correction matrix, a diagonal matrix in which

each element adjusts the output scaling to correspond to the actual scaling for the
particular sensor output. Nominally, the [ g.,; matrix is zero. The [ g.,; matrix

may include non-linear scale factor effects and temperature dependency.

L gjgn = Accelerometer triad alignment correction matrix. Nominally, the [ 45, matrix

is identity. The [ 454, matrix may include temperature dependency.

api,s = Accelerometer triad bias correction vector. Each element corrects the output

from a particular accelerometer to zero under zero input specific force
acceleration conditions. In some accelerometers, ap, . may have temperature

and angular rate sensitivities.

ag,, = Accelerometer triad size effect correction vector that compensates the error

created by accelerometers in the triad not being collocated, hence, not measuring
components of identically the same acceleration vector (See [2, Sect. 8.1.4.1]).

a 4.is0 — Accelerometer triad anisoinertia correction vector that compensates for an

error effect (in pendulous accelerometers) from mismatch in the moments of
inertia around the input and pendulum axes (See [2, Sect. 8.1.4.2]).
Luant = Accelerometer triad pulse quantization correction vector for accelerometer

outputs only being provided when the cumulative input equals the pulse weight
per axis. Includes pulse output logic dead-band effect under turn-around
conditions (See [2, Sect. 8.1.3.2]).

Amis = Accelerometer triad misalignment compensation residual matrix having zero

diagonal elements.

11



ALinscar = Accelerometer triad linear scale factor compensation residual diagonal

matrix.

2 Asym = Accelerometer triad asymmetric scale factor compensation residual

diagonal matrix.

Y SFSign = Diagonal matrix with elements equal to unity magnitude with the sign (plus

or minus) of the 4, elements.

Agias = Accelerometer triad bias compensation residual vector.

Note 1: The x and A coefficient terms in (2) are shown with a " to indicate that they may
still contain residual errors to be measured and corrected by the SRT process.

Note 2: The ag; , and a 4., accelerometer compensation terms in (1) are functions of

angular rate. Since SRT acceleration measurements are taken under stationary conditions, they
will have no impact on SRT results and are only shown in (1) for completeness.

4.3.2 Compensation Coefficient Initialization For The SRT

The purpose for the SRT is to measure residual errors in the 1; 607> Augiss AA sym > A Bias®

;'LinSca[ , IA(M,-S , and I}Asym elements (coefficients) of second stage compensation Egs. (2).

Prior to SRT execution, the IMU error coefficients imbedded in first stage compensation Egs. (1)
(e, KScal> Kalgn » @pias> LScal> Laign » @piqs ) WOuld have been calibrated for previously

measured sensor error effects (e.g., individual sensor temperature sensitivities, scale factor non-
linearities). The coefficients imbedded within the Egs. (1) Douant > Size> % Aniso and a @ 0uant

terms would be set to known sensor type and IMU configuration des1gn characterlstlcs (e g.,[2,

Sects. 8.1.1.1 & 8.1.1 2]) The lLlnSCch lMlS , ﬂ,Asym, ﬂ'BlaS’ KLlnSca], KMZSa and KAsym

coefficients in second stage compensation Eqs. (2) would be set to zero (unless the rotation test
is to be an update following a previous SRT in which case the (1) coefficients would be set to

their calibrated value following the previous test - To be discussed subsequently). The & Bias

error vector in (2) would be set to zero or to a value measured separately since determination of
the first stage compensation Egs. (1) coefficients.

4.4 STRAPDOWN ROTATION TEST DATA COLLECTION

For each SRT rotation sequence, the following operations from Part 2 [3, Egs. (15)] would be
performed prior to and after completion of sequence rotations to obtain the “Reference Frame
Accelerations” in Fig. 1:

12



~ BStrt 6BStrt ~B

asr B 4gp
o B st E("BStrt) ~BSirt E(aBSm)
=SFsut \=SF StrtAvg =SFEnd  \=SF EndAvg
oBStrt _ [ ~BStrt  _ ~BStrt
Aa ( —a ) 3
4sr End  —SF Strt ®)

~BStrt _ ~Bsyt . NED NED
Upwn ~CNEDYDwn  YpDwn = [0 0 1]

~BStrt ~Bsgt * B Strt ~BStrt _"BSwt [ ~BSut
AStrt Down “UDwn —SFStrt T8 AEnd pown  “Dwn QSFEnd T8

where
C gS”’ ! = Direction cosine matrix that transforms vectors from the B frame to the Bg,

frame.

aﬁ%’g Direction cosine matrix that transforms vectors from the NED frame to the

By frame.

égF = Specific force acceleration vector relative to the earth (in B frame coordinates),

from the IMU accelerometer triad output.

:gfv” = Unit vector downward (along plumb-bob gravity) in Bs;, frame coordinates.

u gﬁg = Unit vector downward (along plumb-bob gravity) in NED frame coordinates,

e.g., for local down along the NED third (e.g., z) axis, ugﬁg [0 0 1]

= Average values of 455" at the start

~BStrt ( ~ B Strt
=SF

a > | a ) > a 5 )
=SFsire” \=SE Strtdvg  —SFEnd EndAvg
and end of the SRT rotation sequence (when the IMU is stationary).

~BStrt ( ZZB Strt
=SF

H = Subscript indicating the horizontal component of a vector.

Aégs” ! = Horizontal component of the difference between stationary acceleration

measurements at the end and start of the rotation sequence.

g = Plumb-bob gravity magnitude at the test site.

oBsut B = Downward components of stationary acceleration measurements
Strt pown’ “End Down

at the start and end of the rotation sequence.

13



~B S trt

The components of ag in (3) represent the “Reference Frame Accelerations” in Fig. 1, the

~ B Strt

reference frame being the B frame at the start of the sequence (i.e., Bg,,). The ( agp

)StrtAvg ’

2

( ~BStrt

agp components in (3) represent outputs from the “Average Acceleration Algorithm

)EndAvg

block in Fig. 1 calculated from the average value of 4 SSM over a designated time period at the

ya
start and end of the rotation sequence. The average acceleration measurements typically last for

10 seconds each using a simple averaging or average-of-averages type algorithm. The Cf,%fg

matrix in (3) is the orientation of the IMU B frame relative to local NED (north, east, down)
coordinates at the start of the rotation sequence, approximately known from the rotation fixture
north orientation in the test facility and the IMU mounting orientation on the text fixture. The

ag&r ! matrix in (3) is the output of the Fig. 1 “Attitude Computation” block, calculated from

Part 2, [3, Egs. (16)], as an integration process from the start of each rotation sequence:

~ BSirt ’\BStrt ~B B Strt o\ 2~ BStrt
Cp" =Cp |\ @;p*|"\@;E *|CB

~BStt _ ~BStt NED NED . T
;. F = CNED 9IE o7 5 =[wecos! 0 — ,sinl] (4)
~BStrt _ I t BStrt
=1+ dt
Cs IfSeqStrtC

where coordinate frames are defined in Section 3.0 and
I = Identity matrix.

~B

O, = Angular rate vector of the B frame relative to non-rotating inertial space (/. B

subscript) measured in B frame coordinates (B superscript), i.e., the angular rate
vector measured by the IMU strapdown gyro triad.

~ B Strt

o5 = Angular rate vector of the earth relative to non-rotating inertial space (/: E

subscript) in Bg;, frame coordinates (superscript).

wﬁv %D Angular rate vector of the earth relative to non-rotating inertial space (/- E

subscript) in NED frame coordinates (superscript).
. = Magnitude of earth’s rotation rate relative to non-rotating inertial space.
[ = Latitude of the test site.

14



tSeqStrr = Time at the start of the first stationary acceleration measurement averaging

process for the rotation sequence.

Note in (4) that the & gS’r ! matrix is initialized at identity, thus designating the B fame at the

start of the sequence as the reference frame in Fig. 1 for making rotation sequence “Reference
Frame Acceleration” measurements.

4.5 DETERMINING IMU SENSOR COMPENSATION COEFFICIENT ERRORS

Approximate error models are derived in Part 2 [3, Sect. 7.2] defining the AQZSM , &gg’fvfn ,

~B End . . . . .
and ;-7 measurements in (3) as a function of individual gyro and accelerometer

compensation coefficient errors for each rotation sequence in the SRT. Equating the (3)
measurements to the equivalent error model for each rotation sequence provides a simultaneous
set of linear equations that can be inverted to determine the (2) compensation coefficient errors.

Assuming the A and & compensation terms in (2) are unknown for the SRT (i.e., set to zero),
Part 2 [3, Sect. 7.2] derives approximate measurement error models for (2) as summarized in Part
2 [3, Egs. (70) - (75)]:

; : Bi,Strt
[KLinScal + K Asym Slgn(ﬂl.)} u; LI g,

Bi Sirt . Bj Bi
-f{] sin g, + (1 —cos 91‘)(2;‘ i,Strt X) (K'Mis u; l,Strtj

CBStrt =7 Do i=1Ton: CBStrt — CBStrt CBi,Strt (5)

B1,Strt Bi+1,Strt Bi, Strt ~ Bi+1,Strt
Bi.s Bi.s Bi, S 2
,Strt : ) i,Strt _ ) 1,0Mrt
CBi+l,Strt =1 +sing; (Zi X) +(1-cosg;) (ﬂi xj

BStrt _ ~BSut
CBEnd CBn+l, Strt

~Bswt _ B B
5QSF;m == g(/ﬁtLinScal + Amis + /1Asym As%rfgn) HDSVZZI + 4Bias

(6)

~BEnd _ _ _ _ BEnd BEnd

5QSFEnd =—& (ﬂLmScal + AMis t ﬂvAsym ASFSign Upyn T &Bias
~BStrt _ BStrt « B Strt BStrt o~ BEnd ~BStrt
=gU X + —

Aayy & UDwn QEnd CBEnd 5QSFEnd ASF Gyt o
~ BStrt ~ ,, BStrt ¢~ BStrt ~BEnd ~ 1, BEnd ¢~ BEnd 7
AStrt Down “Dwn - 5QSFStrt A End pown “Dwn - 5QSFEnd ( )

T
yBEnd — CB Stre |, BSirt
=Dwn BEnd| =Dwn
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where coordinate frames are defined in Section 3.0 and

KLinScal » KMis » K Asym — Gyro triad residual linear scale factor error, misalignment, and

asymmetrical scale-factor error matrices.

ALinScal » AMis » Aasym = Accelerometer triad residual linear scale factor, misalignment,

and asymmetrical scale-factor error matrices.

Apias = Accelerometer triad bias error vector.

i = Subscript designating the rotation number in the particular SRT rotation sequence.

n = Subscript designating rotation number i for the last rotation in a particular SRT
sequence.

Bi Strt
oSt —

u; Unit vector along the rotation axis for rotation 7 in the rotation sequence, also

defined for the SRT to be a along a particular IMU B frame axis; e.g.,

gfi’s”t:[l 0 O]T, [0 1 O]T, or[0 0 I]TforrotationiaroundBframe axis

X, y, Or z.

@; = Total angle traversed by rotation i in the rotation sequence.

CgftS’ t’rt = Direction cosine matrix that transforms vectors from B; g, to By, frame

coordinates.

Cgi*t,: il = Direction cosine matrix that transforms vectors from Bg,,; to Bg,, frame

coordinates.

Qgﬁgt = Rotation angle error vector imbedded within the (4) measurement of 6§S’V at

the end of the rotation sequence.

BSut , BEnd

upot su ot = Unit vectors downward in the Bg;,, and B, frames.
(;B St EIB End — — Errors in the (3) measurements of &B Strt and ZZB Strt
=SF st  —SFEnd =SF Strt =SF End

An important characteristic of the approximate (5) - (7) equations is that AéZS” ' has no

dependency on the misalignment of actual IMU By, and B,y frames from their nominal
orientations (Section 5.0 justifies (5) - (7) for sensor error determination by analytically
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demonstrating these misalignments to have negligible impact on SRT test results). This is a

~BStrt
ay

measurements. Only angular errors incurred during the rotation sequence (characterized by

direct result of defining A as the difference between ending and starting acceleration
Qg’fg ") impact the AéfISﬁ ! reading. This considerably simplifies the SRT setup because it

allows each rotation sequence to begin from an approximate initial IMU attitude, thereby
eliminating the requirement for precise IMU mounting on the rotation test fixture and orientation
of the test fixture (and its rotation axes) relative to the local NED frame.

Elements within the (5) - (6) error parameters are defined as

Kxae O 0 0 Ky Kz Koo 0 0
KLinSeal =| 0 Ky 0 KMis=| Ky 0 Kyz|  Kagm =| 0 Ky 0 (8)
0 0 Kzz Kzx Kz 0 0 0 Kzzz
Ao 00 0 Ay Ax
ALinScar =| 0 Ayy 0 AMis =| Ayx 0 Ayz
O O ﬂZZ ﬂ'ZX /lzy 0 (9)
ﬂxxx 0 0 /1x
Aagm=| 0 Ayy 0 Apias =| Ay
0 O //l‘ZZZ ﬂ«Z
where
xi;i = Gyro i linear scale factor error (component of k7,504 )-
xj;; = Qyro i asymmetric scale factor error (component of Kdsym ).

xij = Gyro i misalignment error coupling angular rate from axis j into the gyro i input

axis (component of ki, )-

Ai = Accelerometer i bias error (component of A, ).
Aii = Accelerometer i linear scale factor error (component of A;;,5047)-
Aiii = Accelerometer i asymmetric scale factor error (component of 4 Asym ).
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Aij = Accelerometer i misalignment error coupling acceleration from axis j into the

accelerometer i input axis (component of 4, ).

The gyro misalignments in (8) are relative to an arbitrary selected coordinate frame B
representing IMU inertial sensor axes. To minimize second order error effects, it is expeditious
to select the B frame to correspond with MARS (mean angular rate sensor) axes, the orthogonal
frame that best fits around the actual gyro input axes. Fig. 3 illustrates the concept.

,(" i GYRO
V Kij
< g iMARS

NL
iB

Fig. 3 - MARS Coordinates

In Fig. 3, y, is the angle between MARS and general B frame axes i and j. From Fig. 3,
defining the B frame to be a MARS type is equivalent to setting y, =0 for which

Kij=Kji (10)

When adopting the MARS frame for B, it is also expedient to redefine g ; in terms of the

angular orthogonality error between i and j, i.e., the angle between i and j gyro axes compared
with the nominal orthogonal MARS axes equivalent of n/2. From Fig. 3, the conversion formula
is

Vij=KijTKji (11)
or with (10),
1
Kij=Kji= E Vi (12)

18



where

v;j = Orthogonality error between gyro axes i and /.

For a MARS defined B frame, the 6 accelerometer 4; ; misalignments in (9) will then

automatically become MARS reference specialized. To identify MARS specialization and
compatibility with MARS referenced gyro misalignments in (12), we will adopt the
accelerometer misalignment definition formula

/11'] =Hij (13)
where

Hij = Misalignment of accelerometer i relative to MARS B frame axis j.

Substituting the (12) and (13) conversion formulas in (8) and (9) then obtains the MARS B frame

referenced equivalents:

Kxe O 0 . 0 vy U Kooe O 0
KLinScal =| 0 Kyy 0 KMis = E Uxy 0 Vyz KAsym = 0 Kyyy 0
0 0 i Uzx Uy O 0 0 Kz
A 00 0 Uy MUy
ALinScal =| 0 Ayy 0 AMis = M oyx 0 My
P e Haw Moy O (15)
Axex 0 0 Ax
/1Asym = 0 A yy 0 4Bias = /1y
0 0 Az Az

4.5.1 SRT Measurements In Terms Of Sensor Compensation Coefficient Errors

Egs. (5) - (7) with (8) - (9) or (14) - (15) are linearized approximations to the (4) and (3)
measurements for each rotation sequence in the SRT. Section 6.0 presents a generic approach
for SRT rotation sequence design, deriving formulas for generating a particular compensation

coefficient error signature in one of the A, ZS” L &ggﬁ) , Zzgfgil) components of (7). The
- own own

Section 6.0 process designed the Table 1 rotation sequences and the following analytical
equivalents to (7) for the Table 1 measurements:
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Aa ==27¢ (it Kyy)  Bay3" =278 (Keet Koxe)
Aayst==27g (kzz + Kzzz)
Aaflizmzzﬂg (K _Kyyy) Aafiggt:_zﬁg (K = Kxx)
Aaysit =278 (kz = Kzzz)
Aabim=4gv,. Aaf"=4gv., Adbg=4g vy
AgBsri=2 g (,ny + 0y / 2) A5t =2 2, +(7g 1 2)(knx + Kxxx) | (16)
apsr ==& =)+ Ay abbr==g( Ayt Ayy) =2y
AaB§m=2g(u, +v/2) Aab§=2g (U, +v/2)
aggtwrtns == 8(Azz = Azzz) ¥ Az aggfgﬁ; == g(Azzt Azzz) — Az
aggtvrvtw ==& (A= Axwr) = Ax aggfv% ==& (Axr t Adxxx) + Ax
Aafy=2g (o tv,e/2) AT =28 ()4 202

B _ B _ B
Aaylsztrt_zg(ﬂyx—'_vxy/z) Aaylsért__z(//l/y+gvyz) Aaxfi{rt (ﬂx—'—gvzx)

where

Aq f lf” ! = Analytical model approximation for the component ; (x, y, or z) of the actual

AaZStt measurement in (3) for rotation sequence k.

B St B End - ; ; ; ~BStrt  ~BEnd
aApart 15 a Down ¢ = Analytical model approximations for the actual 452" . 4 5o

measurements in (3) for rotation sequence k.
For confirmation of the Eqgs. (16) general derivation approach in Section 6.0, Part 3 [4, Egs. (18),

(28), (43), (54) — (55) & (63)] derives the equivalent directly from (5) — (7), specifically for
Table 1 Sequences 3, 5, 6, 7, and 13. Results are identical to (16).

4.5.2 Sensor Compensation Coefficient Errors In Terms Of SRT Measurements

SRT determination of errors in the Egs. (2) compensation coefficients is based on the inverse

. : BStrt  BStrt BEnd
of (16) with the actual Eq. (3) measurements substituted for Aaj P A ks A Do i+ BEcause

Section 6.0 designed each of the Table 1 rotation sequences to excite a particular compensation
error, the inversion process is trivial, yielding
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1 ~B ~B 1 ~B ~B
— _—(Aa 1Strl _ Aaxl%rt) Ky = (Aa iS'trt - Ag iglrl)

Kyy 4 X 47g y yoa
= gt i)
Kyyy = _ﬁ(AZZﬁSm + Aafl%”) Kooex = 7 1 . (AaBS’” + AA%’;”)
Kz =" :[g (AaBSW Aalygggfz” )
Vyz _% c;ffm Vzx :éAszssm Uy = 4lg A;,ggm
_ ( BSm _g ny) A= ;[Aaz R Kxxx):|
U, :i(Aame—g sz) ﬂzx:i(AazBS’”—g vzx) (17)

Hzy =35 g (Aazl()m_g UyZ) Hyz = 2g (Aayllm_g UyZ)

1 (B
_(Aaylszt}"l‘ _ g ny)

I ~p 1 .3
iy__EAayl%m_gUyz Ax= _2 axfszvfrt_gvzx

—— (~BEnd _ 4 ~BSirt Aoy = — 1 (~BEna _~Bsut -2
aDown7 a Down’7 yyy o) g aDown7 ADown7 y

1 ~BEnd "BStrt /1 - _ 1 ~BEnd _ ~BSut _21
2 aDown8 T @ Downs zzz 2 aDown8  dDown8 z
g g
1 ~ B End "BSlrz y) - _ 1 ~BEnd _ ~BStt -2
2 aDown9 T @ Down9 XXX 7 aDown9 A Down9 X
g g
where
Ag f lf” * = Component j (x, y, or z) of the actual AéB St measurement in (3) for rotation
sequence k.
~BStrt ~BEnd ~BStrt ~BEnd ; ;
ADomnk ADonni = Actual oot g pone, measurements in (3) for rotation sequence k.

If the gyros have no scale factor asymmetry (i.e., Kxxx, Kyyy, Kzzz = 0), rotations sequences la - 3a
would not be used, and the gyro linear scale factor terms in (17) would be computed as
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1 ~B 1 ~B 1 ~B
Kyy = _27[g Aaxlsm Kxx = 27g Aayigm Kzz=— 278 Aayégm (18)

Note that accelerometer misalignment ( z; j) and x, y bias (1, 1,) equations in (17) include

1 1

5 (e 5 Vyzs %U o gyro-to-gyro orthogonality error offsets. Orrthogonality errors are directly

available from the rotation sequence 4 - 6 measurements in (16), whence, they can be removed from
the u; j and 4,, 1, equations. Similarly, z accelerometer bias (1,) in (17) includes a

1 g .
57[ g (Kxx + Kxxx) gyro scale factor error offset that is directly available for (17) removal from
Aaﬁf”’ in (16). Finally, the Ayxxs Ayyy»> Az accelerometer scale factor asymmetry equations in

(17) include % A=A »5 ,1 . accelerometer bias offsets. After accelerometer biases are computed,

they can be removed from the Ayes Ayyys Azzz €quations.

4.6 SENSOR COMPENSATION COEFFICIENT ERROR CORRECTION

Equations (17) represent the template for routines implemented in the SRT for evaluating error

residuals in the Egs. (2) x and A compensation coefficients. At SRT completion, the compensation
coefficients would be corrected (re-calibrated) for the SRT determined error residuals - See Part 2 [3,
Sects. A.5 & B.5] for rationale. When the (2) coefficient values are unknown (set to zero), the (17)

template outputs represent updated values to be subsequently used in (2) for x and 4. When the
(2) coefficients have non-zero values (i.e., from a previous calibration), the outputs from the (17)
template represent the negative of errors in the (2) coefficients (to be used for (2) coefficient
updating). In both cases, the updating operation consists of adding the (17) template outputs to the
(2) coefficient values used during the SRT:

zLinScal(+) = zLinScal(_) + A;\1LinScatl zMis(+) = zMis(_) + A;\1Mis
(19)
K'LinScal(+) = K'LinScal(_) T AKLinScal K'Mis(+) = KMis(_) T AK Mis

;(\‘Asym(-l_) = ;(\‘Asym(_) + A;(\‘Asym
where
(-), (+) = Designation for compensation coefficients in (2) before (-) SRT execution, and

after (+) coefficient error determination/correction. The (-) coefficients are
applied in (2) during the SRT.
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AI’;‘, AA = SRT determined corrections to the (2) coefficients, calculated using (17) as a
template.

4.7 ITERATING THE SRT FOR ACCURACY ENHANCEMENT

The error analysis in Section 5.0 shows that the SRT is capable of determining sensor
compensation errors to a few micro-radians accuracy (assuming pre-calibrating sensor scale
factors to 1000 ppm accuracy, 1 milli-radian accuracy in executing the rotation sequences, and
aligning the sensors within the IMU and the IMU on the rotation fixture to 1 milli-radian
accuracy). If the mounting, rotation execution, and pre-calibration errors are larger, micro-radian
accuracy can still be achieved by repeating the SRT following application of (19) to the results
from the first SRT. Modern computer/memory technology makes this a trivial operation if the
SRT computational process is structured as a batch-type post-data-collection operation on raw
sensor data (@p,,,, and a SFRaw) recorded during the Table 1 SRT rotation-

sequence/measurement process. SRT measurements would then be generated following data
collection by “playing back” the recorded data in “simulated” past time through Egs. (1) - (4).
With this type of structure, an equivalent SRT is easily repeated by playing-back the originally
recorded data through (1) - (4), without having to repeat the IMU data collection operation.

4.8 MITIGATING THE EFFECT OF RESIDUAL GYRO BIAS ON SRT ACCURACY

As with the original SRT, the improved SRT ignores the effect of residual gyro bias
compensation error on SRT accuracy. Section 5.2.6 shows that for gyros having no g-sensitivity,
improved SRT sensor error determination inaccuracy induced by 0.1 deg/hr residual gyro bias is
approximately 1 micro-radian for gyro/accelerometer misalignment and 2 micro-gs for
accelerometer bias. For gyros having larger bias error residuals (e.g., 1 to 50 deg/hr), a simple
procedure can be included in the SRT for recalibrating gyro bias as part of SRT data collection
operations. The method is to measure/recalibrate gyro biases at the start of the SRT as the
average of the gyro output minus earth rate input (based on the approximately known orientation
of the IMU on the rotation fixture relative to north, east, vertical). Errors incurred in the
recalibration operation are due to uncertainty in earth rate input to the gyros and gyro random
walk output noise during the averaging process.

For a large IMU/fixture alignment uncertainty of 10 milli-radians, the associated earth rate
estimate would be 0.1 deg/hr, generating a bias recalibration error of 0.1 deg/hr, hence, 1 micro-
radian SRT inaccuracy (as discussed previously). Recalibration error from gyro random walk

output noise equals 60X & uagmmaik '\ T 4vg deg/hr where & gpamwair 18 the gyro random walk
coefficient in degrees per square-root of hour and T 4, is the averaging time in seconds for bias

measurement. Thus, for & z,mwarx = 0.002 deg/rt-hr (representative of ring laser gyros utilized

in a standard accuracy military aircraft INS) and T 4,, = 10 seconds, the gyro bias recalibration

error would be 0.038 deg/hr. The corresponding impact on SRT sensor error determination
inaccuracy would be 0.038/0.1 = 0.38 micro-radians (or micro-gs), generally negligible for a
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standard accuracy INS. In contrast, for ¢ g,zmwan = 0-125 deg/rt-hr (representative of a MEMS
gyro) and T 4,0 = 10 second, the calibration error would be 2.37 deg/hr, for a corresponding SRT

inaccuracy of 2.37/0.1 = 24 micro-radians = 0.024 milli-radians (or 0.024 milli-gs), generally
acceptable for typical MEMS applications. These results can be reduced using a longer
averaging time (e.g., by a factor of 3.2 for 7 4,,, = 100 seconds).

The method of implementing the gyro bias correction operation depends on whether or not
the gyros have g-sensitivity, and whether the iteration process of the previous section is being
applied. For gyros with no g-sensitivity, gyro biases can be measured during a single IMU static
measurement period for which the 3 orthogonal IMU gyro biases are measured simultaneously.
For gyros having g-sensitivity, 6 IMU static measurement periods would be required, each
having the 3 orthogonal IMU gyro biases measured simultaneously, 3 of the 6 with each of the
IMU axes up, the other 3 of the 6 with each of the IMU axes down. By summing and
differencing the 6 measurements for each gyro, the g-sensitive and g-insensitive bias coefficients
would then be determined. The bias errors so determined would then be used to update the
K pi,s CO€fTicients in (2) prior to executing the SRT. (Note: As defined in (8) and (14), x5,

only includes g-insensitive coefficients. G-sensitive coefficients would be added, 3 for each
gyro corresponding to specific force along the gyro input and cross-axes multiplying the
corresponding coefficient.)

If the SRT is applied once without iteration, gyro bias measurements would be performed
during a separate time period preceding the first measurement in the SRT sequence. If an SRT
iteration process is employed (as in Section 4.7), gyro biases can be measured during the first
pass through the SRT, then applied during the subsequent pass, requiring no additional time
period for gyro bias measurement. Note also that for the Table 1 sequences, g-sensitive gyro
bias measurements could be made as part of the normal SRT measurement process during the
time periods used for accelerometer scale factor calibration (e.g., from Egs. (17), during the start
and end measurement periods for Sequences 7 - 9).

4.9 CALIBRATING MISALIGNMENTS BETWEEN THE IMU AND IMU MOUNT

For an IMU operated as an INS, unaided (free-inertial) velocity/position output accuracy is
determined by inertial sensor error residuals and initial misalignment of the INS attitude
reference B frame relative to earth referenced north/east/down coordinates. INS error
contributions include the relative misalignments between the inertial sensors, but not B frame
misalignment relative to its mount within the navigating vehicle. INS misalignment to the
vehicle mount impacts the ability for attitude outputs to accurately represent vehicle angular
orientation (roll, pitch, heading), an important secondary function of an INS. To mitigate
mounting misalignment error, attitude outputs are compensated by correction coefficients
determined by measurement/calibration test. The method to accurately calibrate INS to vehicle
mount misalignment depends on the application. Many are based on the principal that while
stationary and nominally horizontal, a non-zero output from a perfectly calibrated accelerometer
will directly measure the accelerometer misalignment relative to the horizontal.
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As an example, consider a test setup in which an IMU is mounted to a level test fixture with z
axis down in the same manner as in the application vehicle. For the IMU having J,, J

misalignments relative to the mounting surface, the outputs from the nominally horizontal x and
y accelerometers (divided by g) would respectively be J,, and minus J,. The remaining J,

misalignment relative to a nominal mounting surface can be measured by repositioning the IMU
to have x axis down, placing the y, z axes nominally horizontal. The output from the y
accelerometer divided by g would then be s, . If the rotation fixture has a pitch down capability
about a horizontal axis, the IMU repositioning operation could be executed without remounting
the IMU from its initial J, J,, measurement setup. The initial IMU mounting for this method

would position the nominal IMU x axis perpendicular to the rotation fixture pitch down axis.

Once the J, J ., J, misalignment components are determined, attitude outputs generated
from the INS would be compensated as in [2, Egs.( 8.3-1) - (8.3-2)] using
(Eg )0 = 6]1\;] [1 +(J x)] where N is the INS reference navigation frame (e.g., azimuth
ut

wander), ag is the INS attitude matrix generated by integration from compensated gyro inputs,

J is the IMU B frame-to-mount misalignment vector (i.e., formed from J,, J pJz ), and

(62’ ) is the misalignment compensated (Ajg matrix used to generate roll, pitch, heading
Out

outputs, e.g., as in [2, Sect. 4.1.2].

The accelerometer output measurements for the previous procedure would be generated
using an averaging filter similar to the type used in the SRT for acceleration measurements.
Note also that this procedure could also be imbedded within the SRT test itself as part of Section
4.7 batch-type iteration operations. Following the first sensor coefficient error
measurement/correction cycle, the average of the Eqgs. (2) compensated acceleration outputs
would be used for J misalignment component determination.

5.0 IMPROVED STRAPDOWN ROTATION TEST ERROR ANALYSIS

Egs. (5) - (7) for sensor error determination are linearized approximations based on
neglecting second order terms (products of sensor errors), rotation fixture imperfections in
executing rotations, IMU mounting anomalies on the test fixture (to vertical and relative to
north), gyro bias variations from initial calibration, and sensor noise effects. This section
analytically defines the error induced by these approximations in determining sensor errors with
the improved SRT. Of particular interest is the impact of initial IMU uncertainty relative to
north/vertical and errors induced by rotation fixture imperfections, both ultimately affecting
production cost.
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~ B Strt
Ay

horizontal acceleration measurement. The analysis in this section will be restricted to errors

~ B Strt
dg -

The key sensor error parameters determined with the SRT are derived from the A

incurred using A

5.1 NOMINAL COORDINATE FRAMES FOR SECOND ORDER ERROR ANALYSIS

In addition to the coordinate frames described in Section 3.0, this section introduces the
concept of “nominal” B frame coordinates to describe angular motion of an IMU under test
having an idealized (error free) mounting on an idealized rotation-fixture that can execute
prescribed rotations without error. Analogous to the Section 3.0 B frame, the nominal B frame

(BN ™) rotates relative to the earth (and inertial space) during rotation segments of each rotation
sequence. All other nominal coordinate frames are fixed (non-rotating) relative to the earth,

most defined to be aligned with BY°™ at the start and end of a rotation sequence, one defined to
be aligned with north, east, down coordinates at the test site. Specific definitions for the nominal
coordinate frame are as follows:

B"" = Nominal B frame defined as a hypothetical B frame that is nominally mounted
on a nominal idealized rotation fixture that executes rotations exactly as
prescribed, and which was installed in the test facility exactly as prescribed

relative to local NED coordinates (i.e., so that the orientation of the By, frame is
known without error at any commanded rotation fixture gimbal angles).

B]SV;;;" = Coordinate frame that is fixed (non-rotating) relative to the earth and aligned

with the B"*" frame at the start of the rotation sequence. Nominally, one of the
B%%”’ frame axes (x, y, or z) would be aligned with the local vertical if the

inertial measurement unit (IMU being rotation tested is perfectly mounted on an
idealized rotation fixture.

Bg";g’ = Coordinate frame that is fixed (non-rotating) relative to the earth and aligned

with the BN frame at the end of the rotation sequence.

ZN %, = Coordinate frame that is fixed (non-rotating) relative to the earth and aligned
with the B"*" frame at the start of rotation i in a rotation sequence.

IN%’Z 4 = Coordinate frame that is fixed (non-rotating) relative to the earth and aligned
with the B"°" frame at the end of rotation i in a rotation sequence.
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5.2 IMPROVED SRT ERROR ANALYSIS

The error analysis begins by first defining the actual SRT measurement as the sum of the
approximate version used in (7) plus terms neglected in the (7) derivation, Part 2 [3, Eq. (99)]:

AéBSM — Aég’Strt + e(Aé(l)gStrt) (20)
where
Aé Bsirt = Actual SRT measurement taken with (3) - (4) containing all error effects.

Aé g Strt = Approximate value of AéB Strt | the horizontal component for the (7)

measurement model.

e ( AéOB Sl‘rt) = Approximation error in Aég Strt

0 = Subscript indicating approximate parameters used in the (5) - (7) error models.

From Part 2 [3, Egs. (95)] we define the other error terms in (5) - (7) similarly:

5213Strz — &AIBSm +e(5&BStrt ] 5&3End — ZZBEnd +e(5&3End j
=SE Strt _SFOStrt _SFOStrt =SE End _SFOEnd _SFOEnd (21)

BStrt _ 4BStrt ( B Strt)
= te
QE"d QOEnd QOEnd

where

~ B St ~BEnd Bsut — A : :
roximate error models in (5) - (7).
é‘aSFOSM, 5aSF0End’ ¢0End pp (5)-(7

~ B St ~BEnd BSyt — A .. . .
o o = Actual error vectors containing terms neglecting in (5) - (7).
—aSF Strt’ QSF End’ QEnd g g g ( ) ( )

~B ~B B _ : ~B ~B B
e (523};%” j’ e (5QSFEnd j, e (Q() Strt) = Frrors in the 525}5”[ , 5QSP£:7nd , Q() Strt
0Strt 0End End 0Strt 0End End

approximate (5) - (7) error models.

Using the “0” parameter notation, the approximate Aéf Strt measurement in (20) is from the
linearized form of Part 2 [3, Eq. (45)], the basis for (7):
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Nom Nom
~B _ B B B ~B ~B
AQ() Strt — g sztht % Q() ]}S':ZZ +C ,]S;an Sa End _ Strt (22)

a
Brpd " TSF0png  SE0s

Note that (22) uses the nominal By, frame in contrast with (7) that approximates B y,,, as B.

The (22) form is consistent with Part 2 which first derives the full (unapproximated) AéB Strt

model in the By, frame, then in Part 2 [3, Egs. (70) - (72)], approximates By, as B for (5) -
(.

The accelerometer error terms in (22) are from (6):

Nom
“Bsit = Bsirt Strt
JQSF "o=-g (lLinScal + Amis t ﬂvAsym ASFSrign) EDWZ + iBias
05t (23)
" BEnd Bind \, BEnd
5QSFZE g =—& (ﬂLinScal + AMis T A dsym ASnggn) Upwn T ABias
n

The ¢§ g’i; term in (22) can be defined similarly from (7) or alternatively, from Part 2 [3, Eq.
- n
(76)] from which (7) was derived in Part 2 [3, Sect. 6.1]:

BSirt — [t 4 BSwt gy
QO ijtrt QO

B = (B B g
QO = CBNom (K'LinScal T KMis T K Asym QEBSign) @

E: BNom (24)

BStrt — 4B Strt —
QOEnd QO @ t {End

The analytical form of e( Aég g ) in (20) is derived in Part 2 as [3, Eq. (100) with Egs. (101)

- (102)] for the e| gy 35 ,e o BEnd ,e( BS’”) inputs:
( ) (5QSFOSWI) (5QSFOEnd QOE” P

Nom 1 Nom
~BSwt| _ Byt B Sut ) B St Bsit B St
e(AQO ) & LDwn ¢ ?OEnd * 2 QOEnd QStrt QOEnd

Nom Nom Nom Nom
By, ~BEnd ~BStrt B Surt Byt Byt Bsut <~BEnd
+ Rt e(é‘a n —e| Sa + | @Oy o P — g ST X €T Sa
N 24 24 r ZEnd ZStrt N «
BEpd SEO Epa SE 0171 0End " " BEpd
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Nom

~BStrt _ BSut By By
e(dﬂspstrtoj =& (iLinScal + AMis * ﬂAsym ASFSign ) [aStrt XUpy, | iQuantSm + 4Rndem

Nom Nom

~BEnd | _ . _ BEnd BEnd . BEnd
e(égSF EndOJ -8 ()%’”Sc“l + AMis T Adsym ASFS’lign aEm’; XUpyn | AQW"’ End ZLRndsznaI

(¢BStrt) LSM (Q BSm)

. B Strt | = B .]S\';%n B BNom
e QO = CBNom KLinScal ¥ KMis t K Asym QEBSign Q1. g

B]SVom BISV0m Bgyom B BNom
trt trt trt
+| o S — g S x| C o (K‘LinScal + KMis T K dsym Q EBSign) @

EBNOm
N N (27)
B Som B .- pivom BNom BNom
+ CBthin (K'LinScal T KMis + K Asym QEBSign) [24 - E g Nom

B Bs BY; Bs,
trt trt trt trt
+ C pNom (KBlas + 5QQuant + §QRand) + Qo sy | XQrE

(¢BStrt)_e(¢BStrt) @ t=tpu

0End

The rotation sequences in Section 4.0 were designed so that one of the horizontal
components of AéB Strt only responded to a particular sensor error. Thus, each component of

(20) used for sensor error determination can be expressed by the scalar relationship

BSut — Bs
Ay inka”(Aaont) 8)

where

Aaf ]ffr * = Horizontal component of Aé BSirt from rotation sequence k along IMU axis ;.

e ( Aag Slirt) Horizontal component of e( g S’”) along IMU axis j used for the
J

Aq 25 measurement for rotation sequence & .

Xop = Particular sensor component(s) measured by Aaf ]f’” within the total error group

determined by the SRT from (16).
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H = Measurement sensitivity of Aaf lfm to x i From (16), H for each X0; 1S

defined in Table 2.
X0 Hg
(5 + w3y ) s (ko ¥ o) s (ozz  izzz) rrg
(’(yy_’fyyy)’ (Ko = Kowne) > (Kzz = Kzzz)
Vyz»> Vzxs Uxy 4g
(£ + 0307 2)s (M ¥ 022/ 2) s (B2 0207 2).
(ﬂzy+vyz/2),(ﬂyz+vyz/2),(ﬂyx+vxy/2), 2g

(2,7 g+ vy). (Ac/ g +vm). [ A2/ 8+ (71 2) (e + Koxe)]

Table 2 - Measurement Sensitivity To Sensor Errors

Sensor error determination for the improved SRT is based on (28) by neglecting e ( A ag Slirt) :
J

Byt — -
Aajktt_inka (29)

where

A

X0 Value for x . determined by SRT data processing.

Equating (28) and (29) finds:

1
+ S —+ Bst| 5 . = 4 B St
= Hikxo == Hi x0k+€(Aank ) X0k ka_er(Aank ) G0

Thus

~ N 1
0, = w0y 0, =7 (8af3) G1)

where

5;()]{ = Error in the SRT determined ;Ok due to neglecting e( A ag f/tcﬁ) in (29).

Equation (31) with Table 2 is in a convenient form for assessing the impact of particular

elements of e[ A,BS7| inon 5 determination accuracy.
ao K ka y
J
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5.2.1 Impact Of IMU Rotation And Mounting Error On SRT Accuracy

One of the principle advantages of the SRT concept is reduction in accuracy demands on
rotation test fixtures and associated IMU mounting. These effects can be assessed by analyzing

Sxj equation (31) for the impact of general IMU misalignment parameter o; from e ( Aé g Strt )

. ~ ~ : ~BStrt
directly, and from the e| 525 |, e| gaBSm |, e((ﬁBS”’) inputs to e(Aa ) .
g ( S0 g =SF 0511 ~0End P 0

5.2.1.1 Direct Effect Of a In e(AégS”’) On 5§C0k

From (25), a impacts e ( Aa OB Str ’) directly through the

sl sl (Y g son (BN g
a2t —a S X CRr " and g u 00 X| o S X | terms.
ZEnd — ZStrt ngéz? da SFO g g Upwn =8trt 20 pnd

From (23), the 5&? If”d magnitude equals the uncertainty in accelerometer scale factor and
O 0End

Nom Nomj

Strt

bias errors. For (gg;jg’ —a ¢ | and SaBErd  of 1 milli-rad and 1 milli-g magnitude, the

T 0ERd

Bind ST 0End

2 for H , this translates into gyro scale-factor, misalignment errors of 0.16 ppm, 0.25 micro-

BNom BNom BNom ~B
magnitude of | @ g0 — /S x| €7 54 End | will be 1 micro-g. From (31) and Table

rads , and accelerometer misalignment, bias errors of 0.5 micro-rads, 0.5 micro-gs.

From (24), the ¢B St magnitude equals the uncertainty in gyro scale-factor and
¢y o mag q y in gy

Nom

misalignment error. For (Z)B Strtand O(BS” * magnitudes of 1000 ppm and 1 milli-rad, the
: Oy and g mag PP

Nom

magnitude of g ugﬁfg ><e(¢B Sirt ) will be 1 micro-g. From (31) and Table 2 for 7 , this
- =0End

translates into gyro scale-factor, misalignment errors of 0.16 ppm, 0.25 micro-rads , and

accelerometer misalignment, bias errors of 0.5 micro-rads, 0.5 micro-gs.

5.2.1.2 Effect Of o Ine 5ABSW ]And e(gABEnd ]On »
( QSFOStrt QSFOEnd 5ka

Bsire jand_e(a‘&g[f”d jthrough the
Y 0End

Bena \| B8ty BSH'
g (lLinScals + Amis t )bAsym ASFg'Zign) i’ XUpom and
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j terms. For a and accelerometer scale
factor uncertainties of 1 milli-rad and 1000 ppm, the magnitude of these terms will be 1 micro-g.

B B
4 (/,LLinScals + Amis + lAsym Asﬁﬁfgn)( QE,;E[’}d X Zvar;Zd
The impact on e ( Aa g S’”) in (25) will also be on the order of 1 micro-g through the

Nom
CBS”’ e(&AB End j — e(&}B Strt ]term. From (31) and Table 2 for g7 , this translates into

N a a
BE,%n SFOEnd SFOStrt

gyro scale-factor, misalignment errors of 0.16 ppm, 0.25 micro-rads , and accelerometer
misalignment, bias errors of 0.5 micro-rads, 0.5 micro-gs.

5.2.1.3 Impact OfaIne(¢€5’Z)On 5o,
- n

From (27), a impacts e (¢g g”; ) through the integrated effect of
- n

BS _ BSH | B B pNom
7 _ Vi 7 . .
o (L4 X CBNom (K'LlnScal + KMmis T K Asym QEBSign) QE'BNom s

Nom Nom
B sy B . g Nom pNom
CBNSm (KLinScal T KMis T K Asym QEBSign) (04 - X QE:BNO'" ,and

Nom

B B i . )
ot X @ inthe (27) 8(2(53 Sm) equation.

From (29) and (17), for the rotation sequences in Table 1, the integrated effect of

Nom
Byt B . pNom .
CB oA ( KLinScal T KMis + K Asym QEBsi gn) products with QE.-B Nom OVEr @ rotation sequence

will be on the order of the f7; value in Table 2 divided by g. Hence, the maximum integrated

N
effectin e (QOB g’”) of terms multiplying Qg ;xom will be on the order of o x gyro scale-

nd

factor/misalignment error X /7 ;. / g. For a and gyro scale-factor/misalignment errors on the order

of 1 milli-rad, this translates into a maximum e(¢g g’g ) error of f; /g micro-rads. The impact
- n

Nom
on e(AZIOBS”’) in (25) through g ggS’” X e(g)gs’”) will then be /7 ; micro-gs. Thus, from (31),

wn End

the impact on 5;()[{ will be 1 micro-rads.

: - phom : . pRom  plom .
The integral of « over a rotation sequence is | ¢ E;fg - S[;;r *|. Thus the maximum

Nom

. . c * B .
integral value into e (¢€ gfz ) of terms multiplying o will be on the order of a x gyro scale-
- n

factor/misalignment error. For a and gyro scale-factor/misalignment errors on the order of 1000
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ppm and 1 milli-rad, this translates into a maximum e (¢OB gg ) error of 1 micro-rad, impacting
- n

e( Aég Strt ) in (25) by 1 micro-g. From (31) and Table 2 for f , this translates into gyro scale-

factor, misalignment errors of 0.16 ppm, 0.25 micro-rads , and accelerometer misalignment, bias
errors of 0.5 micro-rads, 0.5 micro-gs.

An important new advantage of the improved SRT is elimination of the requirement for
inertial self-alignment of the IMU prior to rotation sequence execution, a problem area for IMUs

with lesser accuracy gyros. This requires a reasonably accurate initial physical alignment of the

Nom

IMU on the test fixture relative to north (e.g., 1 milli-radian). The ggtf:;’ T x Qf .%’ ! term in (27)

becomes the error introduced in , (¢ (f Strt) with this approach. The impact on sensor error

determination accuracy depends on the total time over a rotation sequence for the error to
integrate into e (¢OB g”;) . If we assume that 10 seconds each will be used for acceleration

- n
measurement before and after rotation sequence execution, and 20 seconds for rotation sequence

execution, the total time for a rotation sequence will be 40 seconds. Then the integral of the
Nom
B

o Stf;’ tx Q?Sé’ * over the rotation sequence will be o x earth rate x 40. For a of 1 milli-rad and

earth rate = 15 deg/hr (0.000073 rad/sec), this translates into an e((bg gt;f ) value of 0.001 x
- n

0.000073 x 40 = 2.9E-6 rad = 2.9 micro-rads, thereby impacting e(AéOBS”t) in (25) by 2.9

micro-gs. From (31) and Table 2 for f , this translates into gyro scale-factor, misalignment

errors of 0.46 ppm, 0.73 micro-rads , and accelerometer misalignment, bias errors of 1.5 micro-
rads, 1.5 micro-gs.

5.2.1.4 Summary Of Rotation Fixture And IMU Mounting Error Effects On SRT Sensor Error
Determination Accuracy

Sections 5.2.1.1 - 5.2.1.3 show that for 1 milli-rad IMU mounting and rotation fixture errors,
the impact on SRT sensor error determination accuracy will be on the order of 1 micro-rad. It is
important to recognize, however, that except for the earth rate coupling effect discussed at the
end of Section 5.2.1.3, each of the micro-rad errors is proportional to sensor errors being
determined by the SRT. Hence, a repeated SRT using updated sensor calibration coefficients
(updated from the previous SRT result), will eliminate these sources of sensor error
determination in-accuracy (See Section 4.7 for further discussion). The only remaining error
BNom B

Strt Strt
S

would be the 1.5 micro-rads earth rate coupling error induced by the integral of o/ ¢ X @}

in the , (¢ OB Strt) equation.
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5.2.2 Impact Of Gyro Output Noise On SRT Accuracy

The impact of gyro output noise on SRT accuracy can be assessed by analyzing how

. . . . . . BSI 1
0@ p,ng T@andom noise and 5QQu an¢ Quantization noise in (27) propagate into e (Q OEn};z' ) , then

into e (Aégsm) equation (25).
On a root-mean-square (rms) average basis, integrated dwp,,,,;, random noise propagates as

the square root of the integration time. For a 40 second rotation sequence time interval and
0.002 deg/~/hr gyro random noise, the rms build-up in e(Qgg’Z) will be [0.002 / (57.3 x /3600

)] % J40 = 3.7 micro-rads. The effect on e( Aég Strt ) in (25) will then be 3.7 micro-gs. From

(31) and Table 2 for g , this translates into gyro scale-factor, misalignment errors of 0.59 ppm,
0.93 micro-rads , and accelerometer misalignment, bias errors of 1.8 micro-rads, 1.8 micro-gs.

The integral of & Douant quantization noise over any time interval is the rms (root-mean-

square) difference between integrated gyro output pulse quantization error at the start and end of
the time interval. For ¢ output pulse size, this translates into an rms quantization error of

1[(82 / 12) x2 =0.41¢. Fora 0.5 arc-sec pulse size, the rms impact on e(¢oBth) would be 0.41
- n

x [(0.5/3600)/57.3]= 9.9 E-7 rads = 0.99 micro-rads. The rms effect on e(AéoBS”’) in (25)

would then be 0.99 micro-gs. From (31) and Table 2 for f , this translates into gyro scale-

factor, misalignment errors of 0.16 ppm, 0.25 micro-rads , and accelerometer misalignment, bias
errors of 0.50 micro-rads, 0.50 micro-gs.

5.2.3 Impact Of Qutput Accelerometer Noise On SRT Accuracy

The impact of accelerometer output noise on SRT accuracy can be assessed by analyzing

at the start of a rotation sequence and A Quant 1 A
n

hOW iQuantStrt ’ iIe/’ldl’}’ls‘l‘}ﬂ[ _Rndend at the

a
_SFOStrt " 0ERd

(25). The start and end effects are analyzed separately, each using an approach similar to that

taken in 5.2.2 for gyro output noise impact analysis. The difference is that the integration time

end of the rotation sequence impact e(gAB Strt j , e(é‘&? If”d ] in (26), hence, e ( AZZOB sSirt ) in

interval would be the averaging time to measure ;557 and ;257" in (3) using an appropriate
=SF Strt =SF End

dA

Rndm Sp¢ an ZRndm End
unaffected by the averaging algorithm, generating the same rms error as a simple integration
process (i.e., to the random noise coefficient in fps/square-root-sec multiplied by the square-root
of the integration time). Some averaging algorithms are designed to reduce the LIQ” ani €ITOTS

noise reduction algorithm. Propagation of 4 over the averaging time is
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from what they would have been using an integration process for averaging (e.g., an average-of-
averages algorithm - [2, Sect. 18.4.7.3]).

5.2.4 Impact Of Second Order Sensor Error Effects On SRT Accuracy

The impact of second order error effects (i.e., products of sensor error) on SRT accuracy are

8 Bgtot Bs BStrt B St Bgot ~BEnd
enerated by the u X ¢ ot | x ¢ ot and ¢ ot x " n terms in the (25
g Y 2 =Dwn ~0End ~End =0End CBNE’(I)m]( 5aS] 0End ( )

e ( Aa OB Str ’) equation. From (24), Qg ;’Z is proportional to gyro scale-factor and misalignment

errors. From (23), §a g If”d is proportional to accelerometer scale-factor, misalignment, and
O 0End

bias errors. Thus, for scale-factor, misalignment, and accelerometer bias errors on the order of 1

BEnd ST 0End

g( BSi' s 4Bs Bs, Bs BSS <~ BEnd
milli-rad and milli-g, < | u 3277 X @250 | x @250 gnd rt x ot n will be on
& | pwn B0ini ) Lndo 9 o | € oa
the order of 1 micro-g, thus impacting §% 0, Sensor error determination accuracy in (31) by 1

micro-rad.

It is also to be noted that the basic derivation of (25) for e( Aég Strt ) was based on complete

(not linearized) sensor error models in the Part 2 appendices [3, Egs. (A-15) & (B-15)]. Thus,
there are no second order error effects within the sensor error models.

5.2.5 Impact Of ¢35 x @} 5" In e(g})(f’ Sm) On SRT Accuracy

The Qg Strt Q?_ St term in the (27) ¢ (¢ ({3 Strt) equation builds into e( Qg Strt ) and then into

e ( A&g Strt ) through (23). From (24), ¢g E’Z is proportional to gyro scale-factor and
- - n
misalignment errors. For a 40 second rotation sequence time interval, gyro scale-

factor/misalignment errors of 1-milli-rad/1000-ppm, and Qﬁ .Sér " earth rate = 15 deg/hr (0.000073

rad/sec), this translates into an e(¢g gfz ) value of 0.001 x 0.000073 x 40 =2.9E-6 rads =2.9
- n

micro-rads, impacting e (Aé g S’”) in (25) by 2.9 micro-gs. From (31) and Table 2 for f7 , this

translates into gyro scale-factor, misalignment errors of 0.46 ppm, 0.73 micro-rads , and
accelerometer misalignment, bias errors of 1.5 micro-rads, 1.50 micro-gs. Similar to the second
order error source discussion in the previous section, this particular error can be eliminated using
a second SRT after sensor calibration coefficient updating with error determinations from the
first SRT (See Section 4.7 for further discussion).
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5.2.6 Impact Of Gyro Bias Calibration Error Residual On SRT Accuracy

The original and improved SRT were based on calibrating gyro bias to reasonable accuracy
before the test so that it could be safely neglected in the Part 2 design of sensor error
determination equations. Thus, residual gyro bias errors following calibration will impact SRT
sensor error determination accuracy. The impact of gyro bias x5, . on SRT accuracy can be

Nom

assessed by analyzing how the C i}giﬂ K pigs term in (27) propagates into e (Qg Strt) , then into

e ( Aég S’”) equation (25). For the analysis it is important to recognize that the sequences in

Nom

Table 1 generate a changing CB}?VZ L Kpias 0 the SRT measurement due to rotation induced
B

Nom

Cif\]fg ! changes. Additionally, the analysis should include the gyro bias cancellation effect in

forming the AaB Strt measurement as the difference between acceleration measurements made

before and after rotation sequence execution. For gyros having no g-sensitive bias error, the
remainder of this section addresses these considerations, providing a rigorous analytical

assessment of gyro bias impact on e ( Aé OB Strt ) . The results demonstrate that uncompensated 0.1

deg/hr gyro biases induce SRT sensor determination errors on the order of 1 micro-radians and 1
micro-gs, generally negligible for most applications. Section 4.8 shows how gyro bias induced
SRT errors can be mitigated (if necessary) for fixed and g-sensitive gyro bias errors.

The contribution to measurement modeling error e ( AéB sSert ) caused by neglecting constant

gyro bias in the Ag g Strt derivation is derived as Ag 55t in Part 2 [3, Eq. (126) with Egs.

4 GyroBia
BStre Bé\;o;n
o o ’ .
(131) & (120)]. Identifying C Bisosy D [3, Eq. (126)] as CB Nom obtains
BS BStrt ¢BStt I Bé\?;ﬂ I | 32
~ b Strt = g y 2Pt % rt + + o _ K p:
e(AQO )GyroBias & LDwn =GyroBias p; T Meas F Meas CB%SZZ _—Bzas (32)
N (1 ) ; N d
Bs _ 5 ~Bsirt —C086;) [ pNom sin g; || BNom i
AP Gyropiaskor = 2C 3 I+—¢9~ uy LS+ 1——9' ENlu; St | =R Kpigs (33)
i BjSrt ! ! i
— 1 tMeasEnd
F Meas = T Meas ' Meas Strt g(t’tMeasE”d) (= thteassire) 4t G4
where
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Kpias = Gyro bias error vector residual which is assumed constant over the rotation

sequence time period (and without “g-sensitive” variations dependent on gyro
orientation relative to the local vertical).

T Meas = Time interval for making each of the 4 Bsirt SRT measurements at the start and
end of the rotation sequence.

e(A"BStrt

a ) = Component e ( Aglg S”’) caused by neglecting the effect of gyro
=0 GyroBias -

bias in the Part 2 derivation of Aé fIS” * for (7).
@, = Signed magnitude of total angular traversal around rotation axis i.

Bi = Angular rate of rotation i.

- T ~BStrt :
! Meas siy * t Meas nd Time at the start and end of the 4 measurement time.

g(t, ! Meas g d) = Measurement averaging algorithm weighting function: The algorithm
response at ¢, . , froma unit impulse input to the averaging algorithm at time

t during the measurement period. Typical averaging algorithms are a simple
linear average or an average of successive overlapping averages (“average-of-
averages”) [2, Sect. 18.4.7.3].

Part 3 [4] evaluates (32) - (34) showing the impact on the Eq. (16) results [4, Egs. (20), (34),
(48), (57), & (65)] to be:

e( AaBsM) =~278|1/ § +Trteas ! (27) | &z Similarly For Seqs. 1,2, and 1a - 3a
3 GyroBias
e(AaBSSm) = 4g[(;(x +x,)/ ﬂ =T Meas Ky / 4} Similarly For Seq. 4
X GyroBias
e(Aaﬁgtrt) ‘ =4g[(](x+](y)/ﬂ. =T Meas K‘Z/4j|
GyroBias
(35)
e(AaBSm) =2g |:K'y ! B+ T Meas (1= 2 F Meas) k=/ 2} Similarly For Segs. 8 - 12
x7 GyroBias
3 _ .
e(AaZigtrt)GyroBias —re ( VB + T teas /ﬂ) o
BS —_ ° _ . .
e(Aaylgrt)GyroBias 2g [(;(Z + K'y) I'B =T Meas K/ 2} Similarly For Seq. 14
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where

e(Aal_?Strt

) = Component j (x, y, or z) of the e( A&B Strt ) error in the
jk GyroBias =0

GyroBias
AéOBSM measurement approximation for rotation sequence k produced by fixed

gyro bias.

x; = Gyro bias component i (x, y, or z) in xp; . - asin (8) or (14).

To assess the impact of (35) on SRT sensor error determination accuracy we write, analogous
to (31):

~ 1
P ) = i—e(A BfStrt) (36)
( ijk GyroBias Hk aj k GyroBias

where

e(AaB lf” t ) = Horizontal component of e ( Aég Strt ) along IMU axis j used for the
J GyroBias
AéB Sirt measurement for rotation sequence k - caused by neglecting gyro bias in

(29).

(5}0 ' j = Error in the SRT rotation k& determined sensor error 5;0 ~along
Jk GyroBias Jk

IMU axis j , caused by neglecting gyro bias in (29).

The (36) H s for the e( AgBstrt ) errors in (35) are, from (16), the same as in Table 2:
jk GyroBias
2rg for e(Aaffm)

; 4g for e(AafSSm) and e(Aafgm) ;and 2g for

GyroBias GyroBias

B
) e(AaZ7Sl‘l”t

GyroBias

, and e( Aafl%m ) . Substitution in (36) then

B
i o .
GyroBias GyroBias

finds for the sensor determination errors in (17) generated by the (35) gyro bias induced errors in
(16):

GyroBias
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(2= Kzz2) Gyroias =~ [1 | B +Thteas! (2;:)} x. Similarly For Segs. 1, 2, and 1a - 3a
e(V2x) GyroBias = (kx+xz)/ ﬁ — T Meas ky/ 4 Similarly For Seq. 4

e(vxy)GyroBias - (Kx+ KJ’) /,B — T Meas K=/ 4
' (37)
=Ky !B+ T Meas (1 -2 FMeas) i, /2 Similarly For Segs. 8 - 12

e('uxy + ny/z)GyroBias

el:ﬂz+(ﬂ'g/z)(K'xx+K'xxx):|GymBl«aS:_(ﬂg/2>(I/B +TMeas/”) Kx

e(ly +g UyZ)GyroBias = —g[(;(z + Ky) I'B =T Meas Kx' 2} Similarly For Seq. 14

Part 2 [3, Sect. 8.4] shows that F ., 1n (34) is 1/2, both for a simple averaging algorithm
and for an average-of-averages algorithm. Using F,;,.,,= 1/2 and representative values for ﬁ

and T preqs » (37) enables evaluation of the effect of neglecting the x, k), x; gyro bias

calibration errors. For example, for g =1 rad/sec, T pzeq,= 10 sec, g+ k), = 0.1 deg/hr =

4.85e-7 rad/sec, and g, =- 0.1 deg/hr = - 4.85e-7 rad/sec, the e( gyro orthogonality

Uxy ) GyroBias

error determination error in (37) would be 1.70 micro-rads. As another example, for g =1

rad/sec, T ppeas = 10 sec, x,+ Ky=- 4.85e-7 rad/sec, x, =4.85e-7 rad/sec, and g =32.2 ft/sec?,

the e( Ay +g UyZ)GyroBias accelerometer bias determination error in (37) would be 9.37¢e-5

ft/sec’ = 2.91 micro-gs. Finally, for ﬂ = 1 rad/sec and g, =4.85¢-7 rad/sec, the
e( oy 0y /2)GyroBias accelerometer misalignment error in (37) would be 0.49 micro-rads. The
induced errors in these examples are acceptable for most applications.

For larger than 0.1 deg/hr gyro bias calibration errors, the effect may not be negligible,
requiring the Section 4.8 mitigation process for reduction.
6.0 DESIGNING THE IMPROVED SRT ROTATION SEQUENCES

As with the original SRT, rotation sequences for the improved SRT are designed to achieve
the following objectives:

1) The rotation sequences should excite all sensor calibration errors so they are made visible
within transformed acceleration measurements.

2) A sufficient number and type of rotation sequences should be executed so that the accel-

eration measurements taken between rotations have distinctive responses such that the
instrument errors can be ascertained by measurement data analysis.
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3) The rotations and measurements should be executed fairly rapidly (e.g., 50 deg/sec
rotation rates) to assure that sensor outputs are stable over the test period, and to limit
attitude error buildup (from gyro bias and heading uncertainty) from producing
significant acceleration measurement errors.

4) Accelerometer bias calibration errors should be determined from measurements taken
with the accelerometer being measured in a horizontal attitude. This eliminates the
possibility of accelerometer scale factor modeling uncertainties coupling vertical specific
force into the acceleration measurement, potentially corrupting bias determination
accuracy.

5) The rotation sequences should be designed so that the fewest number of error sources are
excited for each rotation sequence (between measurements). Ideally, each sequence
should excite only one particular error source.

Because of the improved SRT analytical format, objective 5) is readily achieved by
designing each rotation sequence to determine a particular sensor compensation error (i.e., gyro-
to-gyro misalignment, gyro scale-factor-error, accelerometer-to-gyro misalignment,
accelerometer bias error, and accelerometer scale-factor-error). The following subsections
describe the rotation sequence design process based on the approximation that gyro bias
calibration errors are negligible. Section 5.2.6 analytically demonstrates the impact of
neglecting gyro bias calibration error on SRT results. If problematic, Section 4.8 shows how the

gyro bias error effect can be mitigated with an easily executed measurement/correction
operation.

The following classical vector product identities [2, Egs. (3.1.1-16) & (3.1.1-35)] will be
useful in the rotation sequence design process:

Vix(VoxVs) =V, (V1 V3)=V3 (V1. V) (38)

(VixVa) Vy=(VoxV3). ¥y =(V3xV,).V, (39)
where

Vi, V,, V5 = Arbitrary vectors.
The following general IMU axis and unit vector definitions will also prove useful:

B B B _ :

Uyp UEp Ugp = Unit vectors along IMU general B frame axes v, £, o .

From the previous definition, it follows that for a particular B; type of B frame,

Bj Bj Bi __ B B B
ZVBZ" Zé—’Bia ZO'BI' =Uyps ZfBa UsB (40)
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6.1 GYRO ERROR SIGNATURES ON THE SRT MEASUREMENT

To achieve the previous Item 5) goal in the SRT rotation sequence design process, this
introductory subsection is included to provide an understanding of how rotation induced gyro
errors impact the measurement.

Egs. (5) - (7) show that SRT horizontal acceleration measurements are functions of
accelerometer errors and Qg%f ! attitude errors, the latter induced by gyro misalignment/scale-
factor error during each of the sequence rotations. From Part 2 [3, Egs. (58) & (77)], ¢B Strt can
be defined by

¢g’fgt Z A¢BStrt AQiBStrt legt;:td CBStrt 5 Gym dt (41)

where

tiswt» tiend = T1me at the start and end of rotation i in a rotation sequence.

5£)Gyr0 = IMU gyro error vector in B frame coordinates during rotation i.
i

Cgs” ! = Direction cosine matrix that transforms vectors from the instantaneous IMU B

frame axes into Bg;,, coordinates.

Eq. (41) shows that gyro B frame errors generate error buildup during rotation segment i as

. ~B .. .
AQIB Sirt | the integral of §g Gyro, projections on B g, frame axes (through the Cgsm matrix).

The A¢B Strt_errors then sum into the total ¢B Strt for the sequence. This basic concept is used

extensively in this section in designing rotation sequences to meet the previous stated goals.

The angular rate QZB during rotation i is around a particular axis so that neglecting gyro bias

errors,
~B B _ B ,
ngyro KScal/ Mis @O; = KScal/Mis U; ﬂi
(42)
B _0; ~B B ;3 _(6; ~B B
Ag; Sirt = [T C 35" Kseat/ Mis uj By dt = (jo fep dﬁi) KScal | Mis Y;

in which

K'Scal/ Mis = KScal T K Mis with K'Scal = K'LinScal T K Asym Sign ('BZ) (43)

B _ B
K'Scal/Mis Ui = KScal Y; + KMis U;
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where

u ZB = Unit vector in B frame coordinates along the rotation axis for rotation i.
5> ar . B

B; = Signed magnitude of angular rate @; .

@; = Total angular traversal of rotation i around u ZB .

Recognizing that ¢ gs’” = gif,ﬂ, Cgism’ (42) for A¢ZB Strt i equivalently:
13Ir -

Bswt _ ~BSut [ (0i ~BiStrt B _ ~BSut BiStrt
AQ!‘ ’ _CBZ-SM(-[O Cp dﬁi) KScal/ Mis Y; _CBiSlrt AQI-I 4

(44)
in which AQiBiStrt = (Igl CgiStrtdlBi) KSeal | Mis gf
where
Bisy+ = IMU B frame attitude at the start of rotation i.
As in the original SRT, each u ZB rotation axis is around one of the IMU axes. Thus, in (43)

from (8) and (14), xs.41 ng will be along u IB s K Mis ng will be perpendicular to u lB , hence,

KScal | Mis U IB can be written in the alternate form:

B _ B B B
KScal/Mis Y; = K'Scal# EﬂBi"‘K'g,u QgBi"‘K'ny EUB,- (45)
where
= IMU axis al B
U axis along u;” .

¢, n =IMU axes perpendicular to axis u.

MB u MB
“HB;’ *GB;’ *NB,

1 during rotation i.

= Mutually orthogonal unit vectors along IMU B Frame axes y, ¢,

KScaly = Eqs. (8) or (14) diagonal element in &7nScar + K Asym Sign( ﬂl) corresponding
to IMU axis p.

Keu> Knu = Eqgs. (8) or (14) x4, elements in column 4 and rows ¢, 7.
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With (45), (44) becomes

Biswt = ( [9i ~BisStrt B B B
A —(fo’CB' rdlBi)(K'Scal# Uyp, * Kqullcp ™+ Knu 2nBi)

(46)
Bstrt — ~BStrt A pBiStrt
AQi "= CBlSzrt Agl o
The 55 matrix in (46) is from Part 2 [3, Eq. (84)]:
iStrt — 2
17
CBZ 7 [+sm,B ( B ) (l—cosﬂ)( ﬂBz ) (47)

from which (jgl Bisirig B, ) in (46) becomes

2 2
6i ~Bisur _ B B : B
[Jichismap, =g, {I+(gﬂ3ix) }+(l—cos 6;) (Q#BiX)—Sll’l 0; (gﬂBiX) (48)

Note from (38) and the definitions of ul uB uB being mutually orthogonal unit vectors
=UB;’ Yep i’ —NB;
that
2 2 2
B B _ B B __ B B B __ B
(Q#B,-X) Uyp, =0 (Q#B,-X) Uop, = ~Ucp, (ﬂﬂBiX) Upp, = ~Unp, 49

With (48) and (49) AQ? iStrt in (46) then becomes

B ul 7
A¢ iStrt = g, K Seal ;o 4 ﬂB (I—COSHi)(K‘gy /JB Ucp +K77,u ,UB, —7731') (50)

. B B
+sm g; (Kgﬂ %gBi + Knu 2773,‘)

B uB
=UB;’ gB,” =B,

as in (40) for more specificity at the start of the rotation:

Because by definition, u® are constant throughout rotation 7, we can also write

u

B _  BiSyt B _  BiSut B _  BiSirt
u =u u = u =y 51
“HB; “HUBisyt —SBi ~SBisyr  ~NBi  TNBisyt D

where

uBisot - Bisut - BiSut  — it vectors uZ , u? at the start of rotation 7 as

B
B s s U
“HBisut  ~SBiswt ~IBiSut YUup,> Ysp,> Unp,
projected on IMU B;g;,, frame axes.
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Substituting (51) in (50) gives

A@Bisnt — BzStrt +(1=cos@: ( BlStrt XuBlStrt i Bsz XuBiSm
¢ 0l KScalﬂ “HBiSut ( 61) K‘g,u “HBiswt T SBiStrt n,u “HBistrt MBSt (52)

; B iStrt BiStrt
+s1n @; ( L + Ky U
i\ Kt ngStrt Knutnp iStrt

Lastly, (52) is transformed through C gfsf: rft in (46), and the result summed in (41) to obtain

opsy
AQ,BSM — Cgiétrlt AQleSm‘
= 0i KScal u _zgtz}:;‘trt " (1 -8 (9,') (Kgﬂ —iztzr;trt % zl:'ggtrt K igtgm % Zggtgzrz
#sin gy g w7+ g ulsht (53)
¢§ 52? Z A(;)B Strt
where

B Strt BStrt Bsyt — B B
, U , U = Unit vectors 2 , U
“HUBiStrt” ~SBiStrt” ~IBiStrt Yup;> Ysp,> Unp;

projected on Bgy,, frame axes.

at the start of rotation 7 as

For each rotation i, Eqs. (53) show how rotation angle 9; and IMU uBsit uB Sirt
“HUBistt” ~SBiStrt

MBStrt

Uppe axis orientations at the start of rotation i impact how KScal scale-factor error and Keu»

K mlsa 1gnments re IS er in € resu en transiates in 0 the Aa .measuremen
yu Misalignments register in @557 The result then translates into the Ag>S" t

ZDwn

through the g 257 x ((Z)BSM) term in (7).

Based on (53), the design goal for each rotation sequence in the SRT is to define a set of i
rotations that will generate a particular gyro scale-factor-error or misalignment term onto the
measurement while rejecting others. Included must be the selection of a starting and ending
orientation for the IMU that will generate a particular Egs. (6) accelerometer error component on
the (7) measurement. Both objectives must also be compatible with rotation limitations
associated with a two-axis rotation fixture.

To help visualize attitude orientations during rotation sequence design, the Fig. 4 cutout
design tool has proven to be a useful design aid.
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COPY THIS PAGE, CUTOUT DRAWING, FOLD ON
DOTTED LINE, AND PASTE TOGETHER TO HAVE
BOTTOM UNDER TOP

Fig. 4 - Rotation Sequence Cutout Design Tool

6.2 ROTATION SEQUENCES FOR GYRO CALIBRATION ERROR DETERMINATION

Based on the A&B Sirt_expression in (7), the accelerometer error contribution can be
eliminated from Aq 2B S” ! by designing the rotation sequence for B frame attitude at sequence end
to be the same as at the beginning. Then C BS”’ ; in (7) will be identity, u B E”d will equal

upst, 5231521 in (6) will equal §g ggmr and AgS" in (7) will simplify to

Ad §Sm —gu uBStrt x ¢BSm (54)

Thus, rotation sequence design for gyro calibration error determination can focus on (54), using

Qg}fg ! from (53) to assess how gyro errors impact the Aégs” * SRT measurement.
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6.2.1 Sequences To Determine Gyro Scale-Factor Calibration Errors

Eq. (53) shows that only gyro scale factor errors will be generated in Qg’fg ? for a single 360
degree IMU g; rotation, while returning the IMU to its initial attitude for (54) compatibility.
Then with (43) for xg.,; definition and (8) or (14) for scale-factor error components, (53) using
@; = 27 reduces to

BStrt — ApBStrt — Bsuyt  _ . : B st
QEndr N Agl t=2r KSeal L_lﬂBIStrt =27 [Kﬂﬂ K Slgn(ﬁl)} EﬂB’lSm (55)

With (55), Aégs” " in (54) becomes:

~BStrt _ , . BSurt Bstrt| — . : BStrt , ,, BStrt
Aap" = & Upyy, X(?Endr ) =27g [’fﬂ/ﬁ Ky Slg”(ﬂl)}%DwZ Xuypre - (56)

Rotation sequences 1 - 3 and 1a - 3a in Table 1 are based on (56) for xg.,; error determination.

As an example of (56) applied to gyro scale-factor error determination, consider rotation

B Strt

sequence 3 in Table 1 for which u; is along the IMU z axis, the rotation is positive, and the

Strt
: : : S BSurt Bsyt  _ , BSut Bsut _ BSut
starting IMU x axis orientation is down. Then X = X =—
& Lpwn “ Yy p 1Strt LB s ™ Y 2B st Lyp Strt
and (56) becomes A, 25" = -2 7g (K + K ) uBStrt | corresponding to
4H WKy 2yBg,.

Aaff” '=-27g (ks + Kk22-) in (16) for Sequence 3 in Table 1. For assurance, the identical

result for Sequence 3 was generated directly from (7) with (6) in Part 3 [4, Eq. (18)].

Section 4.2 defines the IMU/rotation-fixture axis convention as having the IMU mounted
with z axis along the fixture inner rotation axis (and IMU x and y axes perpendicular to the inner
rotation axis), with gimbal angles at zero when the IMU z axis is down and the IMU vy axis is
along the fixture outer rotation axis. Based on this convention, to generate IMU z axis rotation

around a horizontal u %?Zt rotation axis, the inner gimbal angle would be set to zero (placing

IMU axis y along the fixture horizontal outer axis), the fixture outer rotation angle would be set
to minus 90 degrees (placing IMU axis z horizontal and axis x down as in Table 1 for Sequence
3), and the single +360 degree rotation for the sequence executed around the fixture inner
rotation axis. (Note - Use of the Fig. 4 cutout design tool makes rotation setup/execution
operations more easily visually).

6.2.2 Sequences To Determine Gyro Orthogonality Calibration Errors

One of the principle benefits of the SRT procedure is the ability to directly determine sensor-
to-sensor misalignments. For the IMU gyros, misalignment between two gyro axes is the
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orthogonality error shown in (11) as the sum of the gyro misalignment calibration coefficient
errors (e.g., k;;+ xj; for the i andj axis gyros). Structuring a rotation sequence to measure the

orthogonality error between two gyros entails positioning the IMU so that x;; and x;
misalignments both register on one of the ¢B St components, thereby assuring presence in the

7) sequence measurement: Ag i S’” = uB Strt 5 gBStrt T this end, a four-rotation sequence

can be structured using a two—ax1s rotation fixture, enabling direct measurement of orthogonality
error between gyros having input axes perpendicular to the inner rotation fixture axis. (As will
be explained subsequently, limitations of a two-axis fixture require an alternative eight-rotation
sequence to measure orthogonality between gyro axes perpendicular to the inner rotation axis.)

To aid in the analytics, parameters v, £, o will be used to represent IMU axes in general,
and chosen to correspond with axes 4, ¢, 77 during a particular rotation i. (Note: v, £, o IMU
axes will also be utilized later to distinguish 4, ¢, 7 from IMU parameters used to characterize
accelerometer errors).

6.2.2.1 Four-Rotation Sequences For Gyro Orthogonality Error Determination

The four-rotation sequence design process is simplified by structuring the sequence as a

series of 180 degree rotations (plus or minus) for which (53) becomes for ¢B Strt .

A?iBStrt — CBStrt A¢BzStrt

BiStrt
B Strt B Strt BStrt BStrt B Strt
=*7 K +2 ( Xu + u Xu 57
Scaly % up iStrt Kol “HUBiswt —SBistrt M ZUBiSH “np iStrt (57

BStrt _ B Strt
P Z AQ;

Now consider rotations required to register orthogonality error p g, between the IMU ¢ and o

axis gyros into ¢B Strt - From (11), p éo = Kéo + Kot » thus to generate p g, requires a rotation
around axis O to excite Ko& and a rotation around & to excite Kot - To assure that only Kéo

and g e are excited, no other rotations in the sequence should be around axis v, the third in the

v, &, 0 IMU 3-axis set. So that the Aéf[sm measurement for the sequence does not include

accelerometer errors, we also specify that the IMU orientation at sequence end matches the

orientation at sequence start, assuring that accelerometer-error-free (54) applies for AaB Sirt.

Based on the previous discussion, consider a sequence of 180 degree rotations, the first
(rotation 1) around axis £ , the second (rotation 2) about axis v. For rotation 1 around &, we set

rotation axis ¢ in (57) to u = ¢, and arbitrarily assign ¢, 77 in (57) to, respectively, o,v. For
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rotation 2 around v, we set # in (57) to 4 =v , and arbitrarily assign ¢, n in (57) to,
respectively, &, o . Thus, for rotations 1 and 2,

y B Bstre Bsot  _ B strt Bstt  _ Bstre
= =0 =v
KBy g =6u LB s UeBig, T toBism T Unbig,, =" YvBism (58)
Bsot  _ B strt Bstrt Bstre Bswt  _ B stre
u =V,u u = u =0
HoluBysy ~ " MvBasn  © UeByg,, =6u “EBosiy U MBasy O MoBasut
Then (57) obtains for AQ{B Strtand AQ? Sert
BSirt — 4 Strt Bstrt Bstrt y Bt Bstre
T +2 X X
4 KSealg 53 ise | S\KOEUER o T UGB g TRV UER ¢ XMy By (59)
Bstrt _ =+ B Strt B Strt Bstrt Bstrt Bstre
T X + X
Ad; KScaly Yy By T <\ K€V Uy oy LeB gy KOV YyBosi " LoBosi

The first rotation is 180 degrees around axis &, reversing the direction of the o, v axes so
that following rotation 1,

B Surt —u Bsyt  _ —u B St u BSurt B Strt B Strt
YyBiEnd ~ %vBose ~  YvBismt  YEBipug  LEBogu  LEBiu (60)
Bsye  — BSmt  —_ Bt
=0BlEnd —0B2Sirt =0 B1Stt
Hence,
B Sirt Bsytr  _ BSut BSut BSut Bsyt  _, BSut B Sirt

U XU =—y Xu u Xu =u Xu 61
=vBasut” =EBogyy =VB1Snt " =EBgyy =VBaSyt” —0BaSyt  ~VBIStrtw —0B1Sut (61)

Substituting (61) and uB S” ! from (60) into (59) and summing for ¢B Strtin (57) obtains

B St

B st Bsure — 4+ _ (+ )
¢ +A¢ ”KScalg ‘fBlStrt =7 KScaly Yy B1siy

(62)
B St Bt B St BStrt Bstrt
+2 (kve + gy ) uzg X +2 X + X
Kvg TRV UeR o MvBisy: " < KOG UER o " LoBisy T < KoV Ly Bigy ™ LoBisym

As discussed earlier, to avoid generating accelerometer errors on the measurement, the
remaining rotations in the sequence must return the IMU to it starting orientation (the basis for

the simplified (54) version of Aégsm in (7) for gyro scale-factor/misalignment error

determination). This is easily achieved by performing two additional rotations (rotations 3 and
4) as a repeat of the 180 degree & followed by v rotations executed for rotations 1 and 2. The
result will be the same form as (62) but with 1, 2 replaced by 3, 4:
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B
A¢BStrt+A¢BStrt +7 KScalé‘ é:Strt _(+ KScalV) y B Strt

B =VB3Sut
3Strt
(63)
Bt B St BStrt BSut Bstrt B St
+2 (kye + xzv ) u X +2 X + X
Kvg TRy ) Uep e, MvBisy: " “ Ko Uep o “YLoBigy T < Kov Ly B3g, " LoB3sy

But by definition, 12t Bsurt Bsut — — BSirt Bsurt Bsut — Additionall
y Yy Bisur ”fBgsm’ YsBiswt — LvBrgna’ ZfBZEnd’ Y 5B Ena Y,

rotation 2 was around IMU axis v, reversing the direction of the IMU o, & axes, so that
following rotation 1,

Bsut  —, Bsu B st Bswt  —_ BSrt  —_, Bsu
YBogna ~ “vBasw ~ “vBigna  “EB 2End =EBo st Lep 1End (64)
yBsm = _  BSrt  —_ BSi
=0B2End =0B2Sut =0B1End
Thus,
Bsut  — BSirt  —, BSirt y Bt yBsmt  — _ BSurt
YyB3sit ~ “vBopna ~ “vBiEnd  “EBsyg,,  EBopng | LEBipg (65)
B Strt Bstrt  _ B Strt
YoBssit  “oBrEnd  LoBiEnd
or with (60):
Bsut  — BSirt  — _, BSirt uBsm uBsmt  — _, Bsut
=VB3Syt —VB2End =VB1Sirt —§B3SM fBzEnd f 1St (66)
Bswt _, Bswt _ , BSwt
=0B3syt —OB2End —OBlSurt
Hence,
B Strt Bsyt _ , BSwt B St B Strt Bsoyt  _ B St B St
Xu =u Xu Xu =—u Xu
§B3Sm =vB3Swt  —EBisyy  —VB1Smt §B3Sm =0B35sirt =¢Bgyy “OB1Sut (67)
B Strt BStt  _ BStrt B St
X = — X
Yy B35 LoB3sm Yy Bism” L oBisus
PR B Strt B St : :
Substituting (67) and u 22"t | u from (66) into (63) yields
g( ) _§B3Strt’ —VB3Szrt ( ) ( )y
A BStrt+A B St =—(iﬂ' ) B St +(i7l’ ) B syt
93 4 KScalg) LEBy g, KScaly) Yy B1gi¢ (68)
B Strt Bsuyt  _ BStrt BStrt B St B St
+2 <K"f + Kf") _'fBlgtrthVBlStrt KogU 53151,,, =0 B1St ~2 Kov Uy BiswLoBism

Bsot  BSwt  —  BSnt | BSw

Lastly, recognizing by definition that Uy B G LEB g~ Ly By LEB gy

, we combine (68)
with (62) in (57) to obtain for ¢B Strt
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Bsw Z Bsu BsSy
¢E1§dtt A¢ St = [(i ’(Scalgl)_(_i__‘Z KSCQ[§3):I fBStS;t
(69)

B Sirt B Sirt B Sirt
-+ —(+
[(—7[ KScalVl) (—7[ KScalV3)}uvB5; t+4 (KV§+K§V) fBSmX%vBSm
where

KScalg, KScal,,? KScalg,> KScal,y ~ KScalg® KScaly respectively for rotations 1 - 2

and 3 - 4, the distinction attributable to potentially different angular rate
directions (plus or minus) for each of the 1 - 4 rotations. If all rotations are in the
same direction, ’('Scalglz KScal§3: KScalVl , KScalV3: KScalVl , and the scale

factor effects in (69) would cancel.

To translate ¢B Strt into the AZ;ZS’” measurement in (54), we select u 5 g’; t’ z to be vertical
- Vi

; Bswe _ [, BStrt Bswt\ ,, BStrt ;
which sets u 5 = (u VB " Y Dwn ) Uy B Then (54) with (69) becomes

~BStrt _ Strt Byt _ B St BStrt) ,, BStrt BSirt
Aa an =& Upyn X ¢Ena’ =8 EVBS”; ‘U Dwn VBSmX ¢End

Bsirt
7k )—(iﬂ' K ):l
=g (uBSmj uBStrt) uBStrt % |:( Scalé:l Scal§3 é:BStrt

=VBSyt  =Dwn | =vB gy
Bt B Strt
+4 (KV§+/(§V) fB;nxszgm (70)

— B st B Strt) + + B Strt B st
= . /4 -\ Xu
g (ZVB Strt 2DW}’l K‘Scalél KScalé:3 —VBStrt §B Strt

+4 (v + xev ) ugy”

or with gyro orthogonality error Eq. (11),

~BStrt _ Bsut , BSwrt|| |+ |+ Bstrt Bstrt
Aa H =& ( VBStlt ngn ) |:(_7[ KScalfl =7 KScal§3 zVBStrtXzé:BSM

B St
4 UV§ zé’:BStrt

(71)

Eq. (71) shows that to determine p,¢, the differential acceleration measurement for the sequence

should be the u ér  component of Agq BS” t

~B
ubn a4 uff, Bl v 7
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Eq. (72) was used for Table 1 for rotation sequences 4 and 5 in which the initial IMU v axis

. B B B .
is downward along z (along u,, ggttrt =upit =y . éggttﬁ) . For Sequence 4, the IMU ¢ rotation

a i Bsyt _—  BSut . ; o Bsyt _ , BSut
axisisy (ﬂstrm = L_{yBSVM ); for Sequence 5, the IMU ¢ rotation axis is x (ﬂfotrt = UL )-
The (72) measurement formula for these sequences is shown in Egs. (16) as Ag ff f” '=4g0v,,

and Aafss” "=4 g y,,. For assurance, the identical result for Sequence 5 was generated directly
from (7) with (6) in Part 3 [4, Eq. (28)].

The four-rotation &, v, &, v sequence is executable with a two-axis rotation fixture having

the IMU mounted with v axis along the fixture inner gimbal axis, the outer gimbal angle
initialized to have IMU axis v vertical, and the inner gimbal angle initialized to have IMU axis
& along the outer (horizontal) gimbal axis. The rotation sequence would be executed using four

sequential 180 degree rotations, the first two around the outer, then inner gimbal axes, the second
two a repeat of the first two.

6.2.2.2 Eight-Rotation Sequence For Gyro Orthogonality Error Determination

In principle, a four-rotation sequence analogous to &, v, &, v in Section 6.2.2.1 could also be
structured to measure the pg5 gyro ¢, o axis orthogonality error; i.e., a &, 0, &, o sequence of
180 degree rotations starting with o axis vertical. However, for an IMU mounted with v along

a two-axis fixture inner gimbal axis (as in Section 6.2.2.1), this is not possible. The reason is
that the IMU mounting places both the £ and o axes perpendicular to the inner gimbal axis,

restricting rotations about £ or ¢ to be generated around only the outer gimbal axis. If the
inner gimbal angle is initialized to have IMU & axis along the outer gimbal axis (enabling the
first rotation in the sequence to be around ¢ ), rotation 2 could not be executed around o

because after rotation 1 completion, the IMU o axis will not be aligned with the outer gimbal
axis. To enable IMU o axis rotation following a & rotation, the inner gimbal angle would have

to be changed by 90 degrees (around IMU axis V) to bring the o axis into alignment with the
outer gimbal axis. Similarly, to enable another & rotation, a 90 degree v rotation would be

required to align £ with the outer gimbal axis, etc. to bring the IMU back to the starting attitude.
Thus, to generate a p ¢ signature on the measurement using an IMU mounting for y¢g,

determination, an eight-rotation sequence is required; 180& , +90v, 1800, +90v followed by a
repeated 180, +90v, 1800, +90v . (The + designation for the v rotations is important as will
be discussed subsequently). It remains to be found whether the added v rotations excite other

unwanted gyro error signatures onto the A&ZS’” measurement used for pg, determination.

Rotations 1, 3, 5, and 7 are 180 degrees for which (57) applies. For rotation 1 around the
IMU ¢ axis, we set rotation axis # in (57) to u = £, and arbitrarily assign ¢, 77 in (57) to,
respectively, o, v . For rotation 3 around the IMU o axis, we set rotation axis # in (57) to
U = o, and arbitrarily assign ¢, 77 in (57) to, respectively, &, v . Thus, for rotations 1 and 3,
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U yBsmt =£ u B st uBsmt = 5 Bt n uBsmt  —y,  BSut
s Y

P HUB Sy $B1su P =SB s > =0 B1Sirt *=NBisye O TVBiSu (73)
U uBsmt = & BSirt g, ﬂ15’Strt =, 215’Strt n uBsmt  —y,  Bsu

THBysy TOB3sm SB3su B35

’ _77335’;” > =VB3Sut

and (57) obtains for Agf Sirt and AQ3BSM :

Bstrt — + Bsurt BSwt ., BStrt BSwrt ., BStt
Ay B Ksealg g g, 2\ KoE Ui, X UoBisy T KVELeR g, Uiy, (74)

Bswt — 4 Bt Bt B st Bt Bt
A2)3 7 KScalg YoB 35y T 2\KéoUsp 35 UEB 3Strt tKvo LBy g YyBas

We now find expressions for 250t Bt BSut i (74) as a function of
P “VB3Sut’ =EB3ysyy’ —OB3Sirt (74)

B Sirt u BSirt u BSut
“VBsut’ =EB g, —0BSut

through the first two rotations, 180& , +90v . Since the & rotation is 180 degrees and the v
rotation is 90 degrees, (47) with (51) shows that

by successive transformation backwards from frame B3¢, t0 Bgy¢

2 2
CBZStrt=[+(uBZStrt X)+(u328trt ><) =I+(uBStrt X)+(uBStrt ><)

B3Sut =VB2Sut =VB2Strt ~VB st =VBStrt
) 5 (75)
Bisut — g ( B1Strt ) _ BStrt
=1+2(u X| =1+2|u X
C Basir =SB syt =¢B gy
Then:
Boswt _ ~BaStrt ,, B3Swt _ ~B2Swt , BStrt
=VB3Strt B35St =VB3Sut B3Strt =VB strt
2
_ Bsut ) B Strt ) Bsyt _ . BSut
=1+ x|+ X = 76
[ (ZVB Strt (QVB Strt YyB st ~ “vB s (76)
Bs Bs B2s BS 2 Bs Bs
70— trt wt —| [+ 2 rt rt — _ trt
=VB3Strt Bosirt LvB3sirt (g B g4t YyB it “yB i
yB2sut — ~B2Sut  B3Sut — ~B2Sut, BSirt
=CB3gye B3swt =GBy B3sut =SB gy
2
_ Bt BStre Bsuyt _ Byt B Sirt
= I+(u X)+(u X) u =u X u 77
=VB St =VBStrt =&B gy “VBStt” =EB gy (77)
Bs Bs B2s, BS 2 Bs Bs Bs Bs
trt — trt 28trt trt trt trt — trt trt
U = u =|1+2|u X u X u =—y X u
=EB35uy B2Strt =¢B 354 (_ B sy ) (_VB Strt” =SB sy “VBSirt " =B gy
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Basut — ~B2Swt |, B3su _CBZStrt Bstrt

=0B3Syt ~ B3Sut —OB3Strt B35t LoB st

2
_ B St BStrt Bsyt _ , BSut Bsut
=71+ ( "o+ (u X| |u =u X u
Yy B st =VBStrt =0BSuyt —VBSuyt  —0BSut
Bg, Bgs Bas, BgS 2 Bgs Bs, Bs, Bg,
trt — trt trt — rt trt trt — trt trt
= u =|I+2|u X X u ) =u X u
—0B3Sut Bastrt =OB3Sut (— Strt ) ( LyBsii ™ LoBsi) ~ LvBsm ™ LB s
or in summary
Bsut  _ BSurt Bsyt  _ BSut BSut Bsuyt  _ , BSut BSurt
U =—y U =—u X u u =u X
=VB3Strt =VB st =EB 351 Yy B ™ UEB Strt =0B3sut  —VBSwt —O0BSurt

With (79), the u 857 xyuBSm  and yBSr  xyBS"  terms in (74) become

=0B3sut” =By UoB3si” LvB3si
Bsut Bsyt  _ ( Bsut BSut ) Bswt _ Bswt
Xu =—\u Xu Xu —Uu
=0B3Syt" —VB3Sit Yy B " LoBsut) “vBsi ~  LoB sy
BSut Bswt  _ ( BSut B St ) ( BSut Bsut )
u Xu =—|u X u X|u X u
=0B3strt” —$B3gy =VBSyt~ —O0B St =VBSirt fB Strt

_ BSut ( BSut Bsut ) BSut BStrt ( BSut BStre ) BSurt
=—u u Xu +u Xu .
=VBSuyt | \=VBSyt~ —0BSut ch st | =SB i Uy B ™ LoBsut) “vB st

_ Bsut ( BSut B St ) Bswt | —,, BStrt ( BSut Bsut ) BSrt
=—Uu u Xu .u = u Xu .u
“VBSut | \=VBSut" =0Bstrt) =¢B sy | —VBSut | \=EB gy —0Bstrt)  =VBSirt

_ ., BStrt Bsut
=u Xu
=¢B Strt —OB St

The last equality in (80) stems from the general identity that for any vector V' :
K_(V y Bt )uBStrt +(V B st ) B st (V Bt )uBStrt Thus, for

~ \="=vBsut) =vBsit UEB Gy st \= " HoBsut) LoB s
= Bt Bsot

V= Xu , it follows that

~ 4B Sut —OBSm

B Strt BSot _ B Sirt B Surt B st B st
Xu =||u XU .U u
UeB g, LoBsi =¢Bgy —0BSut) =VBSuyt | =VBSut

fBSm =0Bsut)  —0BSut

_,_[( B Sirt XuBSzrz )_uBSzrz } BSut _,_[( BSirt XuBStrt ) uB’Szrz j|uBStrt

=¢B Strt 5 B Strt

— B Strt v uB Strt .uB Strt uB Strt
Lep St —OBStrt]  =VBStt | =VBSurt

Lep St —OBSut

Substituting (80) in (74) with (51), obtains
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(80)

(81)

(78)

(79



A¢)BStrt:iﬂ- P MBStrt+2(K. uBst s, BSirt uBst s, BSurt )
71 Scalg¥eg o, ot Uepe XUoBg, KU FUypg,, 82)
Bsot — 4 uBst w BSurt 49 BStrt o, BSirt  _ u Bt
A9 7 KScalo LyB sy ™ LoB sire Keolep g, " YoB sy~ Kvo LoB sy

Combining A¢B Strt and A¢B Strt from (82) then yields for ¢B Sirt in (53):

BStrt BStrt — 4 Bsurt 4 BStrt Bstrt
Agl * AQ?’ B KSCQI§ Zé:Sz‘rz‘ d KScalo- =VB Sirt X 2O'BSlrt (83)
B st B st B st B st B Strt
+ + X + Xu -2
( Kog Kfa) Lep Strt LoB s KvgUep Strt YyB st Kve U5 B gy

Note that because u 25t 8BSt BStt are mutually perpendicular
“yB sire ufgm’ZO'BSm y berp ’

2 (ko + kéo) uggt Xugy s the only term in (83) parallel to uyg . This will ultimately

be the component used through Aq B S”’ '=gu uB S‘V I (¢B S’”) in (54) that determines the relative

misalignment (Ka§+ Kga) between the IMU ¢ and & axis gyros.

Given that rotation sequences 5 - 8 are identical to rotation sequences 1 - 4, the same

methodology used to find finding expressions for AQ{B Strt 4 AQ? Strt in (83) can be used to find

AQ? Strt 4 AQ? Strt by substituting the IMU unit vectors at the start of rotation 5 (i.e.,

B Sirt U B St U B Sirt

UyB s LeBeg, » LoBss t) for IMU unit vectors at the start of rotation 1 (i.e.,
r 5Strt r

B St B St u B Strt

Uy Ue By LoB s ). Thus, we can immediately write from (83):

A BStrt+A BStrt:iﬂ- BStrt +(+ )( Bstrt % Bstrt )
o5 % KScalg u‘fSStrz 7 KScalg ) \"vBssi ™ LoBssi (84)
BSirt B St B Strt B Sirt B Strt
+2 + X +2 X -2
( K‘o-f KfO') '):-EBSSW; gO'BSStrt Vf u fBSSm zVBSStrt Kvo U =0 B5Sirt

To complete the AQ? Strt 4 AQ? Strtderivation, we must now find expressions for

B St B St Bt

in (84) as a function of B8t BSwrt BStt Following the same
=VBs5sut’ _fBSStrt’ —0B5sut (84) U U U g

“VB St =EB gy —OBSHt
methodology that led to (80), since &, o rotations are 180 degrees and the v rotations are 90
degrees, (47) shows that
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2
CBZStrt — ~Basrt _ 4 (uBStrt X)+(uBSM ><)

B3Stt B5Strt =VB St =VBStrt
, (85)
Bsit — g BStrt B3strt _ BStrt
=/+2 X =/+2 X
CBase LEB G CBysin Lo B St
Then:
Basut — ~BaSurt |, B5Strt — ~BaSirt |, BSirt
=VB5Sirt B5Strt =VB5Sirt B5Strt =VB St
2
— B St ) BStrt BStt _ , BStrt
=1+ "X+ X =
{ (ZVB Strt Yy BSire “B it ~ “vB s
B3s B3Sut , BAS, B Strt 2 Bs Bs
o — trt mt —| [+ s o — _ trt 36
=VB5Stt Basirt LvB s (ZU B Strt Yy B it “yB st (86)
2
Basirt — ~B2Sut ,B3Sirt | f ( B st ) B Strt ) ( Bsurt ) — Bsurt
= =1+ x|+ x| |- =—
=VB5Snt B35St =VB5Stt Yy B s Yy B St YR st YYB s
B B B B§, 2 B B
St — (Bt Baswt | [0 (,BSrt (_ Sirt ) _, Bsir
LyB 55 B2Strt =VB 581t (Z B gyt YyBsit) ~ “vB sire
yBasrt — ~Basut  Bssut — ~BaSirt | BSirt
_fBSStrt Bs5Surt _§BSStrt Bs5Sur _égBStrt
2
_ B St B Strt BSyt _  BSirt B Strt
=1+ ( r ><) + ( X = X
“yp Strt “yB Strt ZSZB Strt “Yp Strt 253 Strt
B3g, B3sSut , BAS, B Strt 2 Bs Bgs Bs Bs
o _ trt trt _ 7 trt | _ trt trt
u = u = ]+2(u ><) (u Xu )—u Xu
=B 554 Basut =¢B 5544 ~0BSurt “VBSut” =B gyy)  “VBSut” =B gy
, (87)
Basirt — ~BaSurt  B3Snt _| ( BStrt ) BStrt ) B St B St
= =7+ x|+ X X
Lep 5S1t B3sit LEB 581t Ly B it Ly B Sire YyBsm LB Strt
— . BSut B Sirt Bsut | _ B Sirt
= X X = —
Yy B st " \YvB 51 L—lfB Strt ZfB Strt
2
BSwrt  _ ~BSut ,, B2Sut _ ( BStrt ) ( B St ) _ B St
u = U =|I1+2|u X —u =—yu
=B 554 Basut =EB 5544 SO St =8B 511 =&B g1
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Basut _ CB 4Smrt  Bssut  — ~Basut | BSurt
=0B58nt BsSirt LoB5 St B5Strt =0B Str

2
Bsut ) B Strt ) Bswt _ , BSut B Strt
I+ x|+ X = X
{ ( VB Strt VB Strt 2O'B Strt ZVB Strt 2O'B Strt

2
B3sut _ ~B3sut ,Basm _| | BSirt ) ( Bsurt s, BStr ) __, Bsut s, BSir
= =|1+2 X X =— X
=0B 551t B4Syt =0B5Sut { Usp Strt “yB i ™ L oB st “yB st ™ L oB sir
, (88)
Baswt _ ~Baswt , B3sut _| | ( Bsirt ) BSirt ( BSirt s, BSirt )
= =1+ x|+ X - X
=0B 5811 B35t LoB 5514 [ Yy B s Yy BSire “yB st ™ L oB 51

— . Bsurt ><(_uBSm Xy Bsut )_MBStrt

=VB St =VB Syt —0BSyt) —O0BSut
B B B BS 2 B B
Strt _— Strt 28trt  _— trt Strt  _— Strt
= u =(1+2 x| |u =—y
LEB s 51 Basut =GB 554 ( B iyt ) ~0B sirt ~0B sirt
or in summary:
Bsuyt  _  BSirt Bsyt  _ B Strt Bsyt  _ Bsut

u =y u =— U =—y 89
=VBssut  —VBSut =¢B 5544 Lep Strt =0B58ut =0B strt (89)

Eqgs. (89) show that at rotation 4 completion, ng will be at its starting orientation and

“?B’ u gB will be reversed from their starting orientations. (Note: It follows then that since

rotations 5 - 8 are a repeat of rotations 1 - 4, at rotation 8§ completion, ng will be at its rotation

4 completion orientation and u ?B’ u gB will be reversed from their rotation 4 completion

orientations. Thus, at completion of rotation 8§, ng and u ?B’ u gB will have returned to their

starting orientations. (This confirms our original premise that the selected 180& , +90v, 180 o,
+90v, 180& , +90v, 1800, +90V rotation sequence returns the IMU to its starting orientation.)

Substituting (89) in (84) yields for AgZ S+ AgBSu.

BStrt BStrt )

BSut BSirt — _ B St ( )
AQS + AQ7 (i” KScal ) §Sm tr KScal 5 ZVBStrtXZJBSM (90)

B Sirt BSurt B Sirt B St B Strt
+2 + XU -2 XU +2
( Kog T Kgo ) U ) YeBg, HoBsu VEUER G " LVB S Kvo Lo B siry

Finally, we combine (90) with (83) to obtain for ¢B Strt in (53):

B Strt B Strt B St Bt _ B Surt B St
QST + APT S+ AGIST 4 NPT = 4 (g + weser) ugg Xugh - O1)
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or with (11) for £ gyro to o gyro orthogonality error definition

B Strt B Strt B sut BStrt _ B Surt B Sirt
PO+ AP+ AP+ APTIT = 4y Uepe XUgp,, (92)

Equation (92) shows that orthogonality error p g, only appears along uBSirt 5y Bt and

=B, —OBsut’

since axes v, &, o are mutually perpendicular, along an axis parallel to u 5 g’” . To obtain the

total ¢B Strt for (53), AQ? Strt Agﬁf Strt Azﬁg Strt 4 AggB Stt- generated by 90 degree v rotations
must be added to AQ{B Strt 4 Agﬁf Strt 4 AQ? Strt AQ? Strt in (90). It remains to determine whether
the added v rotations excite other unwanted gyro error signatures onto ¢B St hence, onto the

AQZSW * measurement in (53) for pg, determination.

Because rotation 1 is 180 degrees around ¢ , ng at rotation 2 start will be oppositely

directed from at rotation sequence start (¢ 25t = — 3 BStt ) Rotation 2 is around v
u vB q (uVBZStt —VBStrt) ’
leavin unaffected (yBSrt =y BSrt  — _ BSut y Rotation 3 is around o, again
g MVB ( “yp 38t “yp 28t “yp Strt ) > a8
reversing the direction of u5; (_fg;’ = gfg;’ = z‘lfgt; ' ). Rotation 4 is around v, leaving
¥ T ¥

B

u, p unaffected (uBsrt =y Bt — Bsut

= . Th r the rotation 1 - 4 n he fir:
UyBec TUypac TU e ) us, over the rotatio sequence, the first

B St B Surt
VB Sirt VB Strt

The v rotation axis direction pattern repeats for the remainder of the eight rotation sequence,

axis for v rotation (rotation 2) is around — u with the second (rotation 4) around u

i.e., around — Bg’” for rotation 6 and around Mngf tf The impact on
Strt rt

AQ?‘”” + AQ4BSM + AQgSM + AQ?SM can be deduced from (53).

Equation (53) shows that only gyro scale factor errors appear along the rotation axis. Since
rotations 2 and 4 are +90 degrees around oppositely directed v axes, the scale factor composite

AQ? Strt 4 AQ4B Sirt effect along u fgg ¢ will cancel (and similarly for AQ? Strt 4 AQ? Strty,

Because the &, o axes are oppositely directed at rotation 5 start compared to rotation 1 start, and
the v axis at rotation 5 start is the same as at rotation 1, the misalignment coupling effect of v

axis rotation on A(Z)g Strt 4 A(,i)g St components perpendicular to u 5 gg’j ' _will be opposite from
- - - Iy
those for the AQB Strt 4 AQB Strt_ components. The overall result is that the composite effect of v

axis rotations on A¢B Stre 4 A¢B Strt 4 A(DB Strt 4 A¢B Strt will be zero, hence, ¢B Strt for (53) will
be from (92):
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BStrt _ BSut _ B Strt B Sirt
Ppnd =ZAP " =4 vgpucpl Xugpe, ©3)
I

It is important to recognize that Eq. (93) is based on rotations 2, 4, 6, and 8 being in the same
direction (+90 degrees). As a result, v axis gyro scale factor asymmetry errors are excited
identically around the rotation axes, enabling them to cancel in the final (93) result.

: B strt ; Bswt _ |, BSwrt ,, BStrt Bstre : B Strt
With u B selected to be vertical, u " = (g Dot U BStrt) UgBo." Applying 9"

from (93), the AQZS” ! measurement in (54) then becomes for the eight rotation sequence:

~B B B B B B B B
AQHStrt =gu Strt o« Q Strt — 4g Véo (QD;SV‘II;;Z u Strt ) u Strt X(u Strt XU Strt

Dwn End —0BStt) —0B St _é:BStrt —oBsut
(94)
-4 ( Bsirt , BSmt ) Bsut
g 056 ZDwn QO-BSM ZgBStrt
The (94) measurement formula was used with u g_ gtg tt =u gfv’;t for the Sequence 6 measurement
¥

in Table 1, with vertical axis ¢ corresponding to IMU axis x, and horizontal axis &
corresponding to IMU y. With pg5 = vge from (10), the result in (16) for rotation 6 in Table 1

is Aafg’” =4 g vy, . For assurance, the identical result for Sequence 6 was generated directly

from (7) with (6) in Part 3, [4, Eq. (43)].

6.3 ROTATION SEQUENCES FOR ACCELEROMETER CALIBRATION ERROR
DETERMINATION

~BStrt
apy

differential type measurement in (7). Accelerometer scale factor error determination uses the

~ B Strt ~ B Strt
A Strt Down and 4 End Down

SRT determination of accelerometer misalignment and bias errors are based on the A

measurements in (7).

6.3.1 Determining Accelerometer Misalignment And Bias Calibration Errors

SRT sequence design for accelerometer misalignment and bias determination is easily

accomplished based on 180 degree rotations for which Aé gsm in (7) with (53) and (6) become

~BStrt _  ~BStt ~ B Stre
= + 95
AaH AaH¢ AaHSF ( )
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Nom
~B B B B
AQHS;N =gu fvt’l;t X ¢ Strt ¢ Strt z A¢ Strt
BStrt — ~BStrt BiStrt
AgBsrt = CBSIn Ag! (96)

B Strt B Strt B Sirt B Sirt B Sut
=t g +2 ( K Xu + u X u
Scal y ﬂBsz qut “HBiStrt  ~SBiStrt “HBisyt “NBisut

BStrt Sa ~BEnd _ <"BStt

AgDSirt = (C a
=H SF BEnd °SF gpa =SE Strt] g 97)
~BSwrt _ _ -, BSut ~BEnd _ ., BEnd
é‘QSFStVI_ g ﬂSCal/MlS %Dwn +i’BZaS 5QSFEnd gﬂ,SCal/Mls ZDW}’Z +iBZaS
in which

_ : = B
AScal | Mis = AScal + AMis with AScal = ALinScal T }bAsym ASFSign

"t dagis oS (98)

BEnd
= AScal qun + AMis qu};z

Bsut
AScal Mis qun AScal uD

BE,
AScal| Mis qun

and where

A28t = Component of AaB Sirt generated by gyro error.

AZZB Strt. = Component of AaB St generated by accelerometer error.

=HsF
AgFSi on = Diagonal matrix with unity magnitude elements having the sign of the
specific force acceleration component along the corresponding IMU axes

As in the original SRT, one of the IMU axes will be vertical at the start and end of the
rotation sequence. Thus, in (98) from (9) and (15), Ag.u L_zgfgf s AScal Uy Will be vertical

B BE BE,
and Az u ijff s AMis U Dwn 4 will be horizontal. Thus, A Scal | Mis U Dwn » AScal Mis Y Dwn can

be written in the alternate form:

B Stre BSurt ,, BStrt B Strt B Strt BStre
u (ﬂScalV Uy g+ Aév UERSy T Aov ”aBSm)

AScal | Mis UDwn = UDwn Uy BStt
BEnd )

BEnd _ , BEnd BEnd BE
AScal/ Mis WDy =Y Dven - Uy Bfind (ﬂscalv Uy h+ Agy UEEH I+ Aoy gl

99)

where

v = Vertical IMU axis.
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&, o = Horizontal IMU axes (perpendicular to axis v).

BStrl B st B St BEnd BEnd BEnd _ :
Uy Bt UGBSt > U St Uy Blnd Uz B » UoBhng = Mutually orthogonal unit

vectors in B frame coordinates along IMU v, &, o B Frame axes at the start and
end of the rotation sequence.

AScal, = Diagonal element in column and row v of A7;uscar + A 4sym AgFSign with

ALinScal and A asym from (9) or (15).
Agv» Aoy = Elements in column v and rows &, 0 of 4,y in (9) or (15).

Similarly, A p,,, in (97) can be written as

Str Bsr 7
i‘Bias Ay uVBfS'tlrt + ﬂ"f 2foS'ttrt tAdcu O'BZSItrt Ay uVBEnd + /166 ufBEnd tAou O'BEnd (100)
where
Avs Ag: Ao = Elements in locations Vv, ¢.,and o of Ag,,, in(9) or (15).
With (99) and (100), 5”3 Sm and §4 B End _in (97) become
éfBStrt —

Bstrt
=— o U + Ap:
QSFSt}”t g ﬂSCdl/MlS “2Dwn 2 Bias

— oy BStrt Strt BSirt Bt BStre
=78 Upyn - uvBStrt(;tScalV UyBSirt T /151/ szStrt +Aov 2O'BStrt)

Strt
+tAvu VBStrt +A¢ ”chStrt tAc _o-Bg‘trt

—[_ Bswt , BStrt BSut _ Bswt , BSut Bt
—( & Ascaly “Dwn - Uy BSirt +/1V) Uy BStrt ( 8 Agv Upy -1 vBStrt+/1§) U EBStre

_ Bsut , BSut By
+( & Aov U pyn '”vBSrtrt+/10)_aB§trt (101)

~BEnd _ _ - . BEnd
5£SFEnd_ gﬂ’SCdl/MlS%Dwn +4Blas

—(_ BEnd BEnd BEnd BEnd
_( g ﬂScalV ZDwn Uy BEna T ﬂV) VBEnd ( g ﬂ‘f‘/ qun Uy BEnd +/1§) UEBERd

- BEnd | BEnd
+( & Aov U pyn -”vBEnd+/10) U Blind
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With (101) while recognizing that gf ggttrt and ug B’?I’%Z 4 are vertical, we obtain for the

horizontal A;Z SS” ! measurement component in (95):
=H sF

~BStrt _ _ BEnd BEnd Bsue _ BEnd BEnd B sut
Adyre. = ( 8 A&y UDwn Uy gEnd t /14‘) UEBEnd T ( 8 AovUpywn - YyBEnd T /10) U 5 BEnd (102)

_|_ Bsut , BSirt Bsut _|_ Bsut , BSirt BSirt
( g /15‘/ UDwn Uy BStre T ﬁ'f) szStrt ( g Aov UDwn Uy BSre T 10') Y 5BStrt

Collecting contributions from each error source while recognizing that the dot product between
two vectors is identical in any coordinate frame, (102) becomes the final form:

~BStrt _ _ BSwt , BSirt Bswt _ |, BSirt , BSirt BSut
AQHSF =& A&y |:(L—lDwn “UyBEnd | “EBEnd ~ \Y.Dwn - Yy BStrt | LEBSHt

_ BSut , BSut Bswt _ |, BSwt , BSut B Sirt
4 XVO'V [(szn '%VBEnd) UBEnd (szn 'ZVBStrt) QO'BStrt} (103)

BsSyt  _, BSut Bsuyt  _ ., BSut
tAs (ﬂfBEnd %g‘BSm)’%a(%aBEnd %BSm)

Eq. (103) can now be used for IMU orientation definition at the start and end of the rotation
sequence to generate a signature from only one of the accelerometer bias or misalignment errors

on one of the Aé z SSIZ components. Having defined all rotations in the sequence to be 180

: : : : Bsurt Bstrt Bstrt ;
degrees considerably simplifies the design process. Then the u g7’/ u, pr o, u 27, ; unit

vectors will be parallel (directed along or oppositely) to their gf gg:ttrt , gf ggttrt , gg_g{g;ﬁ starting

equivalents.
6.3.1.1 Accelerometer Misalignment Error Determination

A principle advantage of the SRT is the ability to directly determine sensor-to-sensor
misalignment errors, the groupings that directly impact inertial navigation accuracy. For the
accelerometers, the misalignment of interest is between the accelerometer and gyro triads. For
each accelerometer there are two such misalignments; between the accelerometer input axis and
the two gyro input axes perpendicular to the accelerometer input axis. Fig. 5 shows that the
relative misalignment between an 7 axis accelerometer and a j axis gyro is 4;;+ x j; where 4;;

and g j; are 7, j elements in the (8) - (9) xpy and 1,4 matrices. Selecting the B frame

selected to be a MARS type equates ;; to u; Iz thus with (12), the relative accelerometer-to-

- 1 . .
gyro misalignment becomes A, ; + x j; = 4; ;T 5 Vij where p; ; is the orthogonality error between

the 7 and j axis gyros.
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iMARS  ;p
A i GYRO

i ACCEL

-

Aij K

g = i NMLARS
\YL-IL
iB

Fig. 5 - Accelerometer-To-Gyro Misalignment

The previous discussion shows that for an SRT rotation sequence designed to determine

. . 1 .
accelerometer-to-gyro misalignment, a signature of 4;;+ x j; (or y; N 5 Vi ) must appear in

~B ~BStt - . ~B .
(97) measurement Ag HSStZ - Thus, Ag,; (/j” “in (96) must excite x ;; and AQHS;Z in (103) must
excite 4;; so they combine in (95) for the Aég&’ ! measurement component. Ideally, this

should be accomplished without additional errors entering the measurement. Both of these
objectives can be achieved with a single 180 degree rotation around a horizontal axis.

; ; Bt Bsyt _ , BSut
Consider the 180 degree rotation to be around u EBStrt - Then u EBEnd = YEBSrt >
Bsyt _— _, BSut Bstrt _ _ . BStrt . T
UoBEnd =~ UoBSit> UyBEnd = ~ Uy sy » and (103) simplifies to
~BStrt _ Bstrt , BStrt Bsur _ Bstrt
Aay o, =28 Agv (ﬂDwn . ﬂvBSm) UERS 2 Ao UgBSie (104)

Eq. (104) shows that accelerometer misalignment can be determined from the component of

AaBSirt along rotation axis L_lgggttrt '

=HSF
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The Aéf] SSf;f accelerometer error driven component from (104) combines in (95) with gyro

error driven component AQZZ” from (96) to form the Aé flsm horizontal differential

measurement. For the 180 degree (plus or minus) single rotation selected for this sequence,

~B
Aa Strt

ey in (96) simplifies:

Bt _ B Strt B Strt B St B St B Strt
o =*7r K +2 - u X + K U Xu
~End Scaly %pup 1Strt Keulup 1St —SBist M =HB1sys T ~NB1SH (105)
~BStrt _ B Stre BStrt
AC_IH¢ =& Upwn ><QEnd

Having defined u? ggft’ ., 10 (104) as the rotation axis sets rotation axis uBSrt in (105) to
= “HB1Strt
BStrt B St

u =u and For (105) we then arbitrarily assign uB St =y uBsu
“HB\syy S BSHt p=6. (105) yassign o, u . o “vBStrt

which sets the remaining third axis to 77, g g’li; = =0, ugffgi .- Substituting these equalities in

(105) converts ¢B Strt o the equivalent:

¢BS1rz B Sirt > uBS 7t

Bsirt Bstrt
7 KScals ”e;BSzrz +2 (K vE UEBStH ™ Uy BStre T Kot LE RS ™ ”oBSm) (106)

Because uf ggtt y has been defined in Section 6.3.1 to be vertical,

Bswt |, Bstrt Bsurt) , BStrt ~Bstrt : .
U = (“vBSzrt upo ) u, per., and AQH¢ in (105) becomes with (106):

~BStrt _ BStrt Bsut) ,, BSut B Surt
Aa, ~=8|u (—VBStrt U Dy x¢

Ay p Yy BStrt ™ Y End
tz K'Scalé-’ VgStrt X uggg;‘;t
=g (i, uBin )i e zfggzﬁ (Bt <35 (1o7)
+2
+xoz ulgit < (b <ubss )

H

_ B syt Bsut Bsut B Strt Bsut
-8 (”vBSm “Dwn )(i” K Scal ¢ Wy BStre < UEBStr + 2 Kvé %fBSm)

Substituting (104) and (107) into (95) then obtains:
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A"BStrt :A"BStrt_i_AABSlrl

a H a H ¢ a Hsr
B Surt BSurt) ,, BSut Bsut _ B Surt
7 8 Kseal (ﬂvBStrt Y Dwn ) Uy B XU EBStr ~ 2 Ao UGBSt (108)

B B B
2.g (s ulee ) (da+ xve) uli,
and with (43) and (8) or (14) for KScalg

~B . ) B B B B
Naboa g | gt ez Sign( B1) | (s, - ulse | uBsr <uli, o

B Bsy By By
=2 Ag ullf, +2 g (bl uBsn ) (Ae+ w) ul3g,
With (12) and (13) for MARS based B frame coordinates, (109) is equivalently:

~ B Strt . : B St Bt BSut B Surt
Aay " E7 8 [’f g+ k&GS Sign (,B 1)} (%vBSm U D ) Uy BStre U EBStre

_ B Sirt BSwt ,, BSurt BSirt
2AcUgRs T2 8 (ﬂDwn 'ﬂvBStrz) (/ufv togy/ 2) Y EBSirt

The u g ggft’ ., component of Aé ZS’” in (110) or (109) was used as the accelerometer-to-gyro

misalignment measurement for rotation sequences 7 - 12 in Table 1. For example, for Sequence

it ; Qi ; Bsut _, BStrt _  BStrt
7, the initial IMU v vertical axis is down along y (i.e., along u, 3%, = upi = ﬂyBStrt) and the

IMU ¢ rotation axis is x (around u g S =u fgg}r +), thus using the traditional x, y, z right-hand

BSirt
oBStrt

B St BsSyt _ , BSut Bsyt _— _, BSurt
rule, Wy St ¥ U ER St = U RSt X U BSire =~ U 2pSie From the form of (100) we select u

‘oht- bili B st Bsut _ , BStrt Bsut _ , BStrt _, BSut
forx, y, zright-hand compatibility, thusu' g6, Xu' per, = Uz S X Uy 5S4 = U238t = Lo BStr:

Then, for Sequence 7 having positive /j’l rotation rate around x, (110) becomes:
~B B B
AapS" =78 (ke t Kuee) ¥ 2 Az |uspll +2¢ (ﬂxy + Uy / 2) uogtt, (111)

Eq. (111) matches Aa§7s” * and Aaff”  in Eq. (16) for the gfg{ttﬁ and zféggt;t components of
Aéf[S” *. For confirmation, Part 3 derives the Aaff” ! and Aaf75”  Sequence 7 measurement

formulas [4, Eq. (54)] directly from (7) with (5), obtaining the identical result.
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6.3.1.2 Accelerometer Bias Error Determination

Egs. (109) - (110) in Section 6.3.1.1 show that for the 180 degree single rotation sequence

used for accelerometer misalignment determination (from the u ?g@’;” component of Aéz Strt ),

accelerometer bias 4, also appears on the Zg%n component (but together with the

trg [;(55 + kege Sign ( ,B 1)} scale factor term). Thus, A, can also be determined as part of the

Section 6.3.1.1 misalignment test by subtracting *7 g [ KgE+ KEgs Sign ( ﬂ 1)} from the u g%rz

~ B Strt
aH
coefficients be known from previously performed Section 6.2.1 gyro scale factor error
determination tests. A problem with this approach (for some gyros) is the potential shift in gyro
scale factor errors that could occur from the time of gyro scale factor measurement to the time of
the accelerometer misalignment test. To eliminate this potential error source, this section
discusses an alternative as an extension of the accelerometer misalignment determination test.
The result will be the equivalent of (109) - (110), but with the gyro scale factor error replaced by
gyro orthogonality error. Since gyro orthogonality is more stable than scale factor (for some
gyros), the following test is recommended for accelerometer bias determination in general.
Unfortunately, limitations of a two-axis rotation fixture only allow two of the accelerometer
biases to be determined with this method (4, and A, for a Section 4.1 IMU mounting having

component of A . However, this method requires that the KEE and KEEE scale factor error

IMU z along the inner rotation fixture axis). Thus, for the Table 1 sequence (based on a Section

4.2 type IMU mounting), the u f ngt;t component of Eq. (111) would still be used for A,

determination, as shown in Egs. (16).

An alternative method for accelerometer bias determination adds a 180 degree rotation
around the vertical preceding the 180 degree horizontal axis rotation discussed in the previous
section. The added rotation reverses the polarity of the bias and misalignment effects along the
horizontal rotation axis at the start of the second rotation. The bias polarity reversal holds during
the second rotation along the rotation axis. In contrast, during the second rotation, the
misalignment effect along the rotation axis again reverses polarity, returning to its value at the
start of the rotation sequence. The difference between horizontal acceleration components
cAzB Strt
=H
components along the second rotation axis and doubles the bias effect. The analytics are detailed
next.

before and after the rotation sequence (i.e., A ), thereby cancels the misalignment effect

We define the first rotation to be around the IMU v axis and the second around axis & .
Because all rotations in the sequence are 180 degrees, the v, &, o axes following each rotation
will remain parallel to v, &, o at the start of the rotation sequence. The first rotation is around
the vertical (IMU axisv ), reversing the direction of the IMU £, o axes so that following
rotation 1,
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yBsot =, Bsrt  — _, BSurt yBsrt = BSrt  —_ BSirt

YeB i pna  LeBrgys  %éBgy, LoBiena  “oBasyt “oBsu (112)

uBSirt uBsmt  — BSirt
Yy BlEnd ~ “vBost ~ “vBsim

The second rotation is about the IMU & axis, reversing the direction of the IMU v, o axes.
Thus, following rotation 2,

Bsyt  — _  Bsrt  —_, BSut yBsm  —_ BSrt  — BSit
~VB2End =VB2Sut =VBStrt  —OB2End =0Bastrt  —O0BSut (113)
y Bt yBsmt  — _, BSt
“EBopna  “EBasy "By
Since rotation 2 is the last in the sequence, y 257t =y Bt Bt — Bsir

OBEnd  “0B2Ena’ LB,y ~ LBy’

Bsyt _ , BSut : .
Uypp Uy and the (113) results are equivalently:

Bsuyt  _ B St Bstrt  _ B Strt Bswt _  BSut
=—yu U =-— u =u 114
VB End “VBsut  —¢Bpug .fB syt —OBEnd  —OBSut (114)

Substituting (114) into (103) then obtains for Aé f] SS’;’ :

~BStrt _ BSurt ,,BStrt Bsut  _ B sut
Adyr o =28 Adov (“Dwn 'MVBStrt)L—lO'BStrt 2 AEUEBS (115)

The Aéf] SSIZ accelerometer error driven component from (115) combines in (95) with gyro

error driven component Aéz *Zr " from (96) to form the AéZS’” horizontal differential

measurement. For the first rotation around IMU axis v in (112), we set rotation axis ¢ in (96)
to x4 =v, and arbitrarily assign ¢, 77 in (96) to, respectively, £, 0. For the second rotation
around the IMU ¢ axis in (113) we set rotation axis ¢ in (96) to x =& , and arbitrarily assign
¢, n in (96) , respectively, to v, . Thus, for rotations 1 and 2,

B Strt _ B St B Strt _ BStrt B Strt _ B St
=V.u =0
oty 1St~ VBiswt S lch 1Strt =ou “EB)sur *EnBisy O HoBisu (116)
B Strt B St Bswyt  _ B St Bswt  _ B st
u =V, u =0
o U P =UB gy o u 5 B 51yt J =SB st P =VB2Strt G “NB)suy > =0B2Sut

B St B St BStre B St B Syt B Syt st :
Equatin by definition, (116) with (112
AUANE Ly By YEB g LoBIsn VBt LB gy LoBsin > (116) (112)

becomes:
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Bsyt  _ B Strt B St B Strt Bswt  _ B St
u =V,u u = u =0,u
A ~UB 514 > =VB St 5 =SB sy =ou ‘fBSt t > =NB1 sy F OB (117)
Bswyt  _ o. — uBStrt

B Strt B Strt Bsytr  _ B Syt
= U =V, u U =
U “UB 54y =o - _5 B g4 5 =6Bosus P =VBSui T “NB)su+ —0BSirt

Substituting (117) in (96) then obtains for AQ{S Strt and Agﬁg Sert

BSwe -+ B Strt B st B St
/4 +2 X +
A KScaly Yy B g4y Kev iy By "B, T K0V Ly B gy " Lo B sy

A@BSrt — _ |+ 1 BStrt | 40— BSirt o, BSot %
Qz KScalé‘: QZBSM Kvg ufBS;[ zVBStrIf Kog U é:BStt gO'BStrt

Summing A¢B Strtand A¢B Strt from (118) in (96) then finds for ¢B Sert

BStrt — A@BStrt Bswt — 4 Bswt _ [+ B st
¢ APPPH A =T Keal, Uy By \ 77 KScalg Lepg,, (119)

ZEnd
B St B St B Strt B St BSirt B Surt
(ng + KV«f) VBSW[ X ggBStrt +2 Kov uVBS; X L—lO'BS[n +2 K-Of ggBStrt X QO’BS”;

The impact of ¢B Strtfrom (119) on the (95) AQZS’” measurement is determined by

=gu DS” X ¢B Strt in (96) which adds to Aéfl S;;’ in (95) to form Aégs” *. Because

~B
Nom
B it B Strt B Strt Bstre , BSwre |, BStrt ~Bsut ;
Upy, and u; By AT€ parallel, u UDwn *YyBer | UyBe . hence AQH(,; in (96)

becomes with (1 19):

~BStt _ BY, St BStt _ Bswt , BStrt B Strt BStrt
AQH¢ =8 Upyy X ¢End E\Upwn -Yyp Strt VBSm ¢Enaf
_ BSut , BStrt B Strt B Strt
I ) . ) x 120
g ( KScal 3 (u Dwn “YyB Strt U, p Strt 2«fB Strt ( )

B Strt

_ Bswt , BStrt BStrt
2g (MDW” 'ZVBStrt) [(K'fv * Kv§) _§BSZ t+ Kov & _O-BS”J

Finally, we combine (120) for Aégj” with (115) for Aéf] SSt;f to form Aéfls” ' in (95) for the

sequence horizontal measurement:
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~BStt _ , ~BSut ~ BStrt
= +
Aa gy AQH¢ AQHSF

- _ Bstrt , BStrt + Bstr Bsrt _ _ Bt
= g (ZDW}’Z .ZVBStrt)|:_7Z' K'Scalé: ZVBStrtXligBStrt 2(2,0-‘/ KO'V) liO-BSl‘I"t (121)

_ BStrt ,, BStrt B Strt
2(2DW,2 -L_tvggm) [/’tg +g(Key+ Kvg)} Ugpe

Using the (11) - (12) gyro orthogonality error formulas and (13) for MARS B frame coordinates,
(121) becomes equivalently:

~BStrt _ _ Bswt , BSwrt || + B st Bswt _ _ Bt
Aay =78 (ZDW” Uy By )| T KScal g zVBStrtX%égBStrt (2 Hov UO-V) Lo Bsir

} (122)

_ Bsut , BSut B Surt
2 (ZDWH ) Zl/BS[m‘) (ﬂ'éj t8 va) szStrt

For Sequence 13 in Table 1, the initial IMU v vertical axis is downward along z (along
gg = ggfgj = gfggt’rt) and the IMU ¢ rotation axis is y (around g? St = gfgg[r ), thus,

; s cohte B St Bsyt _ , BSut BSyt _ _, BSurt
using the traditional X, y, z right-hand rule, u /5% X UERStrt = U oSt ¥ Uy RSt = ~ UxBSirt -

From the form of (100) we select ﬂgf%im for x, y, z right-hand compatibility, thus,

B St BSyt _ , BSut BSyt _ , BStrt _  BStrt ; e
W Bt X U RS = WEBS ¥ Uy BSirt = U3ty = Yo BSi - L1EN, for Sequence 13 having positive

[, rotation rate around x, (122) with (98) becomes with (43) and (8) or (14) for xg,,; %

Aégsm =8 [” (Kyy+ ’(yyy)"'(zﬂxz_vxZ)} ﬂfggttrt_z(ﬂy‘Fg UyZ) Zﬁgg;t (123)

7

Eq. (123) matches the Part 3 result [4, Eq. (63)] for Sequence 13 in Table 1.

The component of (122) along g? gt; ! is used as the differential acceleration measurement
trt

in determining the 1#+ g vy¢ accelerometer-to-gyro misalignment:

Bs ~BStrt _ _
ugg - Aay"==2(A¢+ g vig) (124)

Eq. (124) was used to form the Aaﬁ%’” ==2 (,1y +g Uyz) and Aaflsdf” =—2(Ax+ g vx)
measurement components in Egs. (16) for rotation sequences 13 and 14 with g? gf; ! defined to
trt

be along the outer rotation fixture axis and v =z downward at rotation sequence start.
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6.3.2 Sequences To Determine Accelerometer Scale Factor Errors

In contrast with the previous sections, accelerometer scale factor errors are determined from
either the start or end of the rotation sequence vertical downward acceleration measurements in (7)
with (6), using (9) or (15) for the 1,,5.4/ and A 44y, error components. For the 14 rotation

sequences in Table 1, there are multiple choices of which vertical measurements to use. As a
minimum, the choice should include a measurements for each IMU axis being up and down so that
the components of A;,5.q; and A 4, can be discriminated (e.g., Sequences 7 - 9 in Table 1).

Using (6) for 54 B S’” and &g g If”d , the vertical components in (7) become
Strt End

~BSirt Bsur | _ ) ] BSirt B St
AStrt Down ~UDwn - |: g (leScal + Amis * /1Asym ASFSzgn) U Dwn + iBias

Nom
) qun + ﬂBzaS

(125)
~B BE BE
aE;jgtDown _DW';ld . {_ g (ﬂLinScal + ﬂMis + ﬂAsym Aspé’{én }
Because the IMU orientation at the start of a rotation sequence will have one of its axes parallel

to uB Sirt | (9) or (15) show that A u DS” * will have no component along u DS” * and

(/1 LinScal T A Asym Agﬁgf{ifgn) ggfj;’ will be along uB St Similarly, because the IMU orientation

at the end of a rotation sequence will have one of its axes parallel to uB E”d , (9) or (15) show

AMis ugfv”d will have no component along uB End and ( ALinScal T A sym Agl%rztgn) ug%‘l is

along uB EndThus, with (9) or (15) for the 17,500 and A Asym components, (125) reduces to:

~BSirt __ _ Bsirt BStrt B Sirt
~ B Strt _ _ BEnd , BEnd BEnd
aEnerown g (/7’” At U Dy ulB; d) + U Dy 'iBias

where

k = IMU axis parallel to u DS” " at the start of a rotation sequence.

u fggt t = Unit vector along IMU axis £ at the start of a rotation sequence.
.

Ak and Ay = Elements in the (9) or (15) A7jnscq @nd A 45, matrices
corresponding to IMU axis k.

[ = IMU axis parallel to uB E”d at the end of a rotation sequence.
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BEnd —

Ui Unit vector along IMU axis / at the end of a rotation sequence.
- n

Ay and 2y = Elements in the (9) or (15) A7inscar and A 44y, matrices corresponding
to IMU axis /.

As an example, consider Sequence 7 for which IMU axis £ is y, downward at the start of the
sequence, and IMU axis / is y, upward at the end of the sequence. Thus,

BSyt _ , BStrt _ ,, BSut BEnd _ , BEnd _ B St
= = and = =— . Then (126) becomes
ZkBSm zyBStrt Y Dwn leEnd zyBEnd Y Dwn ( )

~B St __ _ BSut ,, BStrt B Strt
aAStrt pown g (ﬂ'yy ﬂ“yyy U Dwn .ZyBSm) TUDyn ‘iBias

— Bstrt , BStt Bt —
==g|Ay—Apyyu U )+u Ani ==l —A )+l
g ( wT Ay lype YyBg, | TYyBg,, " LBiasT T & (Aay = Aay) + 2y
(127)
~ B Strt - _ _ BEnd , BEnd BEnd
AEnd pown S (iyy Ayyy Upyn 'ﬂyBEnd) +upyn - ABias

- BEnd , BEnd |_, BEnd - -
= g(;tyy-i_/iyny—lyBEnd'ﬂyBEnd) L—‘yBEnd-iBias— g(ﬂny’/%yyy) Ay

which was used for agg’fv’ﬂ and aggfv”iﬂ in (16). Part 3 [4, Egs. (55)] confirms the same results

based directly on using numerical values for the matrix and vector parameters.
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